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Math 126 C
Worksheet 5

1. A harmonic function u(z,y) is a function with continuous second partials which
satisfies Laplace’s equation,
Ugg + Uyy = 0.

(a) Is f(x,y) = 2* — 2y* harmonic?

Solution: [No|; fue =2, fyy = —4, and 2 —4 = —2 # 0.

(b) Let g(z,y) = In(\/2? + y?). Find the domain of g.

Solution: | The punctured plane ‘; we need 22 + y? > 0 for the /22 + 2 to

make sense, so (0,0) isn’t in the domain. The logarithm does not change this.

(c) Is g(z,y) harmonic?

Solution: ; we compute
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.’1727 2
By symmetry, gy, = W7 80 oz + Gyy = 0.

(d) Find all local extrema for g.

P . e oy A
Solution: Critical points occur when g, = T 0 and g, = e A 0, i.e.

when x = y = 0, which is not in the domain. Since each local extrema occurs at

a critical point, there are [none].
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2. (a) Suppose u is a harmonic function with wu,, # 0 at each critical point. Can u have a
local maximum?

Solution: . Compute D from the Second Derivatives Test; note that
Ugy + Uyy = 0 Implies Uy, = —Uzy.

2 2
= —Ug, — Uy, < 0.

D = ugzuy, — uiy
Thus every critical point occurs at a saddle point, not a local maximum (or
minimum.) (If u,, = 0, we might have D = 0 if u,, were also 0, and the test

would give no information.)

(b) A version of the mazimum principle for harmonic functions states that a harmonic
function achieves its absolute maximum on the boundary. Assume it for now.

Let h(x,y) = e*(siny+cosy). Find the absolute maximum of this harmonic function
on the square {(x,y) | |z| < 1,|y| < 1}, without computing a partial derivative of h.
(Assume h is harmonic.)

Solution: By the maximum principle, we can check just the boundary of the
square. This is composed of the four lines (z,1), (z,—1), (1,y), and (—1,y)
where —1 <z <1 and —1 <y < 1. On these lines, we have

() = h(xz,1) = €*(sin1 + cos 1)

(x) = h(x,—1) = e*(sin(—1) + cos(—1))
hs(y) = h(1,y) = e(siny + cosy)

(y) = h(—1,y) = 1/e(siny + cosy).
One sees h), hi, # 0 since e* # 0, so the first two have no critical points. However,
hYy = cosy — siny, so hg has a critical point at y = 7/4. Likewise hy has a

critical point at y = 7/4. We have hs(7/4) = ev/2 and hy(7/4) = v/2/e. The
boundaries of those curves are at * = +1,y = £1, and you can check numerically

that h(£1,41) is always less than |ey/2| This occurs at | (1,7/4) |

(c¢) Does your solution to (a) prove the maximum principle? Why or why not?

Solution: . As noted in the solution to (a), it might happen that all the
first partials of u vanish at a critical point, in which case D = 0 and the Second
Derivatives Test gives no information. Indeed, u(z,y) = z* — 622y + y* is such
a function. (0,0) is a critical point, and every second partial is 0 here.

However, when (a) applies, we find that an absolute maximum must occur on
the boundary, since otherwise it would give a critical point, but by (a) all such
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points are saddle points, not maximums. So, (a) “almost” gives the maximum
principle.
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3. (a) Compute the tangent plane to h at the point from (2b).

Solution: Using the tangent plane formula at (1,7/4),
z—h(l,m/4) = hy(1,7/4)(x — 1) + hy(1,7/4)(y — 7 /4).
We have

h, = €*(siny + cosy)
hy, = e (cosy — siny),

so plugging things in to the above gives

z—eV2=eV2x —1)+0(z —7m/4),

which simplifies to just | z = zev/2|.

(b) In which direction should I travel to increase h the fastest, starting at the point
from (2b)? Can this direction be towards the origin? Why or why not?

Solution: Going in the y-direction gives a slope of 0 since h,(1,7/4) = 0. The
highest rate of increase must be in the £a-direction. Since h,(1,7/4) > 0, it’s

the [+z-direction].

Alternatively, consider a direction specified by (Az, Ay) of unit length, i.e.
(Ax)? + (Ay)? = 1. We have the differential centered at (1,7/4) as Ah =
(Ax)ey/2. For what value of Ax is this as large as possible, subject to the above
constraint? Az = 1, indicating we can increase h the most by moving in the
+z-direction, as suggested above.

4. (a) Find a (non-linear) polynomial p(x,y) with the same tangent plane as h at the point
from (2b).

Solution: We can start with the tangent plane z = zev/2 and add something
whose value and first partials all vanish at (1,7/4): (z — 1)? + (y — 7/4)? works.

That is, |p(z,y) = zev/2 + (v — 1)? + (y — 7/4)? | works.

(b) Repeat (a), but make the tangent planes agree at both the point from (2b) and at
the origin.

Solution: We need to compute the tangent plane at the origin. Using (3a)’s
techniques, this is z — 1 = = + y. For h and p to have the same tangent
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planes at (0,0) and (1,7/4), we need p(0,0) = 1, p,(0,0) = 1, p,(0,0) = 1;
p(1,7/4) = ev2, p,(1,7/4) = eV2, p,(1,7/4) = 0.

There are several ways to proceed. One is as follows: we had quite a bit of
freedom in our solution to (a). We could actually have added a(z — 1)? + b(y —
7/4)? + c¢(x — 1)3 for arbitrary constants a, b, ¢ without changing the tangent
plane at (1,7/4). We have three additional constraints to get the tangent plane
at (0,0) correct, so we should be able to choose a, b, ¢ to satisfy them all. Let
p(z,y) = zeV/2 4+ alz — 1) + by — 7/4)? + ¢(x — 1)*(y — 7/4)?, so we have

b enm?
p— — — T ]_
p(0,0) =a+ 16 + 16
2
p2(0,0) = —2a—%+e\/§:1
br  cm
0,0))=———=1
One may solve this system and get
T
—14+ =
a + 3
24 — 8ev/2
b= 5
T
—2448ev/2 2
c= ——+— — —
2 T

In all, the following has the specified tangent planes:

24 — 8e\/2
2

7

pla,y) = vev2+ (1+3) (@ =1+ (y = /4
+ (—_24 tiev2 2) (= 1)y —7/4)"

2 T

(c¢) Use differentials to approximate the difference between your polynomial and h at
(0.1,0.1). Does your polynomial approximate h well near the origin?

Solution: Differentials use the tangent plane approximation, and the closest
convenient point to (0.1,0.1), (0,0), was chosen so that p and h have the same
tangent planes there. Thus differentials will estimate the difference between the
two as @a more subtle approach is needed. A “second-order” approximation
would work, though it’s beyond the scope of this course, so we’ll just note that
p(0.1,0.1) &~ 1.29705 while h(0.1,0.1) ~ 1.20998, so it seems the approximation
is relatively good.




