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-fective graphical calcine
Web bases for SLC-mod, s2

,
3

Houglass plabic graphs for 54
· Pockets

·Weight-valued geodesics
· Affine buildings, geometric embeddings



#↳ Lo
youmakeWe caustion

category
effectively computable?

Ex V=" det : Von -K (in SLCV)-mod)

nijj) to Esgn(r)in
weSn

Expanding into monomials is hossibly inefficient !
Idea Use a graphical calculuswlgenerators a relations



-of AnShare is

S2Wobs

· a bipartite graph embedded in

1/1) es "IIII

· with Legsoe 2 internal vertices,
· and Legree I boundary vertices.
Fact Fully encodes category of SL(2)-modules



She-Webs
-

Ex Let V= D? Coltonate
notation

[] dyyz] r vY

[*] ⑨ &
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⑨
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4,y , +42yz VoV*-D() vie rof+Hf()
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TheWebs

·Bipartite composition conventions
· = V =V

*
in Lomain

= V . =V
*
in codomain

When composing, must match and cancel. pairs
:

Ex vin U
⑨

⑨ - ·



W
⑨

⑨

-
-

⑨ (x24,]
⑨

ExHave contraction relation:

⑨

T



~its I Have well-defineWo
SSL12 wobs] isotopy [SmophisA

2 All of Rop(S(a) is encoded in Lish case
1... subjective up to linear combinations, take Karoubi envelope ..)

& Generators and relations? Basos??



.Gil

StWobs

=Letde
#

·

W =Hom(V)

Ex Plicker solutions :
(4,+23- 12143)(x12424 -7224/4)

⑨ ⑨ ⑨ ⑨ ⑨ ⑨
-

Cunwritten - t (x,+22 -+21f,z)(x,y+24 - +23/4)'s]
⑨ ⑨ ⑨ ⑨ ⑨ ⑨ t

(4,424- 12144)(x,2/23 - 42243)



Temposly-Liebbasis

· Using O·DD. can reduce any matching diagram
to a linear combination ofmatching Liagsams

⑨ ⑨

⑨

·

·...· &- ⑨

·.........



Temposly-Liebbasis

Thm The non-crossing 2-for webs acon basis
to

Inst(V,o...Vn) (VieEV
,
V+3)

called the Tempory-Lieb basis.

los Effective equality testing in SLC2)-mod !
1 Express <, B : X+/ as SLC2)-webs .
2 Expand in TL-basis by Pluchos relations.
3 Compare coefficients·



udsand trees

Obs The dual graph DIN) ofan SLR2) basis wob w
is a tree :

⑨ ⑨

⑨

⑨
⑨ 2 .g. #faces of W

⑨

⑨

= #vertices of D(W)
⑨

D(W)
⑨

⑨

⑨

⑨ SLIZ) basis
⑨

⑨ ⑨

⑨ web



Sli-webs
~Genesal SL(n) calculus? SLy? (See (CKM'147)

Ex"o"Let
Yu YI

Ex

· . ... a polynomial obtained by
-

⑨

-
I summing des propos edge⑨

- 3-colorings...⑨

· ·



swebs

The (Kupesbesg94) The generating SLs-web relations are
= 3

⑨ - 2.

⑨

- t

⑨



Mon-elipticweb basis

Thm (Kuposberg 194)
Call an SL-web non-elliptic if it has

3

no 2-faces or 4-faces.

The nonelliptic webs form a basis of

Frust (V, 0 ..Un). NieEV,v
+3)

Los Effective equality testing in SLC3)-mod !



-Its-webLuals

Obs D() for SL13) is a triangulation :
⑨ ⑨

⑨ ⑨

⑨
⑨ ⑨

⑨

⑨ ⑨
⑨

⑨

⑨ ⑨
⑨

VS .
⑨

⑨ ⑨

⑨ ⑨
⑨

⑨

⑨

⑨ ⑨ ⑨ ⑨

⑨ ⑨

D(W) is ID For SL(2) D(W) is "ID" For SL(3)



Hourglassplabic graphs
Thm (Gaetz-Pechenik-Pfannerer-Striker-S

. 125)
There is a (rotation invariant) SL(4) wob basis

consis of top, fully seduced, Howting
hourglass plabic graphs.
Los Effective equality testing in SLC4)-mod !



-197basis example
lassEx

a
Zhoug

1347814 23

256914 " 21 24
10 12 13 IS 16 IS 26 78

11 20 22 2) 29 303132

Note

· ↑
-
-



Tippermutations
Dof (PPSS 125) Anchouglass plabicgraph has
trip posmutations trip, ..., trip- whose trip, takes
the ith left at white and itsight at black:

Ex 6 I

· =trip,= 1135)(642) Note
S · 2 =trip== (14)(25)(36) trip :=trips i !

·

=trip,= (S31)(246)

Y 3

(=4)



Thmkpsina)twomoreod
, fully soduced

4-HPG's have the same trip permutations
- they ase relatedby moves :

~ ~ ~ -

/
% ⑳ Y

"top" --- ..%%- ·
·

· · ·

-

& /
· ~ - ~
- &"bottom" - Y ↑

⑳

Y ↑ ·· Y
- · · · · ·

benzene square
man moves



-moves

Ex
· · · ·

· ·D ·

·

↑

· · ·

·

↑

· ·
ol12 ·

,
·
,

· · · ·

· Y ·

top

Q.Why moves for 54 but not s 3 ?

·How to understand "top" step?



~of (Grote-Strikes S.W

Pockets

Let e be the more-class of some fullyseduced
4-HPGW

. Then these is a 3D flag simplicial complex
Ple) called the pocket of 2, which DIW) embeds into

· Requires expanding sources/sinks via #H moves :
↑ ↑

↑
-

·--- ·

-



Pockets
-

· Builda pocket From a move-class by gluing D(W)'s
with tetrahedra between moves :



one· S

class of

4El,235253,435
has 6 tetrahedra

· square more
·

14 triangles
&

· &
·

& ·
·

19 edges·IIIIIII #IIIIIIII/19/1.

8 vertices

·

(+6 more) A



-Point of SS ASM :

Pockets

=15253545

#
Note Related to

height functions,
octahedral
Securence

,

tilings of the
Aztec diamant,
Listributive lattices



TPoint of 303 ASM .Pets aodval-octahedsal
honeycomb

B
Nostical ogs,



#point of 2022 ppPcnots



Pockets
-

Expocket of a "chained Lexagon" :



Pockets
-

Expocket of a "chained Pentagon" :

Note Not embeddable
in IR3



Pockets
~

MostPockets are highly structured!
·The Simply-connected, contractible, CATCO)
· Distributive lattice on t (when embeddable in IR")
· Wherent SL14) geodesics !
· Embeds in affine building Dy ! ("Finite models")
· Same Lihedraloit structure as SKT(4xc)

undes promotion a evacuation



~
Distances

base Face

⑨

⑨ ⑨

⑨ 39
2

⑨

⑨

I O
I 3 * *

⑨ Z
⑨

* * *
2 * *

⑨ *

⑨
* * *

3
⑨ #

⑨ g 1232321010/21218
⑨ I ⑨

⑨ ⑨ minimum · Hence depths arounddepth From
base Face the boundary encode the

tableau



Distances
#hocallThe SL14 dominantweights as 1+:

x= (x, ...-x))e15(
, ...,
1=1 .

· The fundamental weights of SL(s) are
wi=(i,011)

w= (05;-(i)Wi
· If X

, p
Eti where I-1pltte for some he,

say 13) Um,)-



Distances
-

Ideafor an SL13) wels, walk Ex
VI

·

Vz
·

·

along theGual graph, ·picking up S2(3) weights
according to : ·

·

· twi two Vy

·

· d(vvvvy) = Zw+w= (3,1,0)
Call this the distance ofthe VS

.

walk
.

d(vvv) = zw
=
= (2
,
2
,
8)

smaller!



Distances

~of Kee (Kapovich-Loeb-Millson 108])
A KLM distance on a set X is d : XX11, s.t.

Id(y) e+ is dominant

2d(y
,y)=0( x=y

3 dly,x) =-yevd(x,y)
·Contrastw/metric space axioms when 1

=2



-ot
Distances

miniscule walk from a to b

Sla,b) =Eri,Villa ro
,
b=Uh, drivri) miniscule<1+.

· A KLM geodesic is a path achieving aminimaof Slash)
· X has coherent geodesics if dlab) is always the
unique minimum of Slab).



-Goodesics
Thm (EKupesberg 1967, [Fontains-Kamnitzes-Kupesbosy 13])
#f W is a non-elliptic SL(3) web, it has coherent

geodesice.
Ex Non-example :

P d(p-n,un+q)= (3,30
⑨ ⑨ ⑨

Ul
⑨

·

⑨
·VI

d(p-v ,=v+q)= (3,0,0 =· ·

⑨ · ⑨
=> (4
,
1
,
1)

⑨
Uz

·
· · Vz

⑨ ⑨ has squares
·



TheIfaete-strike,dosis
·Pockets have an SLC4) KIM distance ·

It has coherent geodesics .
The corresponding TESKT(4xc) is encoded in
bounLasy distances to base Face.
Geodesics avoid double-crossing trips.

Note Sometimes
Pocket rather podosicsmustmorthroughtea



~why dopshots
has buildingsh distance structure?

A they embed in the affine building Un=DISL) ·

big simplicial complex
built from the

affine Grassmannian

· CFKK] proved this For DI) w/W non-elliptic



AffinoGrassmannians

Def The affine Grassmannian of SLCA" is

GJ=Gj=Gj(PGL(x) =G),)(((t)))/+
*GL
,
)([[+]7)

.

· Have points [F)= (ding(t*,...,+*)]
· Fact Double coset rops

HG/H Et1XeN+3

· Gives KIM distance d : GrGs+1+ whoherent geodesics
Ex H(+x)"+MH= H +sox(m

-x)(+ = d([+x]
,
[+M])

=Sost(m-x)



AffinBuildings
Def The affine building on Gs, is the simplicial
complex &, whose vertices we the points of E,
and whose simplices are collections of points
all of whose distances are fundamental weights.

...

E +H . " . H Ex:
W

·

w EXz
1000I tree where every rested

has

uncountable Legsee
IBwhat-Tits tree)



AffinBuildings
Thm ([FKK]) For W non-elliptic, Fisomatic DIW)35%.
Ex They exist gi , ge, gr , gy. ...Ea S .4.

·

· =We

=w ,
gi

·· i/ d(gy,g ,)=2w, IIIIIIIII
· : geodesic

· W11
94 Listance

·

· 94



AffinBuildings
Thm (Gaetz-Strikes-S.-Wu)

For a pocket P, Fisometric P3Wu

Rem . Moves are a "Feature" rather thana bug !
· Suggests highersank web bases will have evenmore

moves
·Seeking "top" seps has geometrie meaning
· Pockets are generally non-affine Gotinasingle

apartment)



~take Components
·The geometric Satake co respondence relates

Es and She mod
1
...quivalence of the category of equivariant
peresse sheaves on Er, and sep(SL) as
symmetric and pivotal tensor categories ... )

Def Let F= Shops in I-skeleton of D, of length n
starting at [+] w/stops of distance w,

This is a Satake Fiber.
It is aprojective variety .



~take Components
Fact:Furs

,
(v&)= H+p(fn, () (V=())

· Hencetop-limit isseducible components of In

correspond to a basis of Enus
,

(a)
,
the

Satake basis

Q what aso those components?



~take Components
Def For TestT(sic)

,
let n=x and set

F= ((pr,Py..,Pn-1)(fn/poCt], d(pppi)=TsiVi3
partitionw/boxessi

These are fan configurations wis

Thm (CHaines'06]; see [FKK,84])
Po

Pi
Prol

The isseducible components of In Pa

...
Ps T

as [F/TeSTled] .
a Fan



~take Components
Def Geometric rotation onEn is given by
+(po,p, ...,Pr1) = (pip,pipe,...,pint,pips

-

The For every TESKT(4xC), we have not(Fi)= From(1) :
Moreover, the subset

Up = 10+ifpomi(t) = Elpp,py ...,Pr +Fu(d(piPij)=Psomi (T)<j3
is Lense in Fr.



~take Components
Thin (Gaetz-Strikes-S.-Wu

For every TESKT(4xC), every point of Up extends
I

uniquely to an isometric embedding ofthe
pocket P(T) into 5p.
In this sense

, pocketsare generic finite models
of the cometsy ofT !

gDihedal action on pockets = prom,eac on SYT(xd
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THANKS!


