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Obs The dual graph DIN) ofan SLR2) basis wob w

is a free
,
so Idimensional

Ctypicallyunwritten) ⑨ ⑨

⑨
⑨

⑨

⑨

⑨

⑨

D(W)
⑨

⑨

⑨

⑨

⑨ ⑨

⑨ ⑨



-Catalanbijoctiona
Fact dimInvs(Von) =#SYT(25)

base Face # *
* *

"PF
2

⑨

I

⑨

⑨

*
* * *

2 I

· #
,

I O
I 3

% 1232321010/21218
· 2 Z

2

2

⑨
I

· (((((((((((()())
I

3 III
⑨ - balanced

minimum 2 2

lattice 11/2122212112122⑨ I I ⑨

depth From ⑨ ⑨ rost
base Face

39



Mon-elipticweb basis
Def (Kupesberg) An SL(3) web is non-elliptic if it has
no z-gous of 4-gons.
Ex

· . ... a polynomial obtained by
-

⑨

-
I summing des propos edge⑨

- 3-colorings ...⑨

· ↑
⑨

Thm Non-elliptic webs form a basis for InVsy (von)



Bowthlabeing
Fact dimInvs

,
(Von) =#SYT(35)
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Plabic-gaphsand trips
Fact Non-elliptic webs are soduced plabic
in the sense of Postnikov

,
hence determupby their

tip pomutation .
9 I Rules of the road:
· left at·-- rightat⑨

7
- - Here 117 and
--
⑨

G

· · trip=754963821
S 4



Separationlabeling
Dof (GPPSS) Let W be non-elliptic.
The separation labeling of w labels edgee by ..
I stand on Facef as in (hitis
2 Let s=#sips theue

separating - from the base face to
3. Labele with st



I stand on Facef as in (hitis
2 Let S=

#PSTheA-> from the base face foSeparationlabeling 3. Labele with st

= tip , does not separate and fo
·% . trip, does separate and fo
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↑ ·
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·
· trip , Goos separate and fo
·% . trip, does separate and fo

⑨ &
- - - s=2 =label is 3
·

f

· ·



Separationlabeling
Thm (GPPSS) The separation labding is theyouth
Ex labeling .
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Tastitionlabels
Obs Can labe a non-elliptic web's faces ulpastitions
using separation labels:
start uld in base Face

Ex

·
y
2

If I add boy to ith or ·
y

z
-!Note· adds i need = d

⑨

·
-

·Really need SL3-weight labels



SL3-web Luals

#ESP()for SL13) is a triangulation :
·

⑨
⑨

Note Depth From base Face

⑨

⑨ to Face labded X is Xixa .
⑨

⑨

Notenough info toscores
⑨

⑨

⑨ separation labels !

⑨ ⑨

Idea Need a space with an

D(W) is "ID" For SL(3) SL(31-weight-valued distance



Is-webdistances

Fact Letting to be any face ofnon-elliptic W&dominant

separation labels wet to give someweight d(f
,
5) :

d(Fo
,
f)

y Fact f is adjacent too
.

·
T z Ed(Fr

,
f)= o

-
⑨ Fo

3 Fact For TEST(3)
,

st W(T)kpromT



-weights
Recall . The Sub-weights aso 1=/(, . . ., 3 (c)
·The dominant weights no 1=EX...zX

,301
· The fundamental weights are

wi=(i,011)

w= (05;-(i)Wi
· If X
,me+ wlepresentatives with same sum, the

13 Vm,ii (ominance use



KLM Distances
-

Def /See [Kapovich-Leeb-Millson 108])
A KLM distance on a set X is d : XXe1 s.t.

Id(y) e+ is dominant

2d(y
,y)=0( x=y

3 dly,x) =-yevd(x,y)
·Contrastw/metric space axioms when 1

=2



KLM Distances
-

Obs([Fontains-Kamnitzer-Kupesbosy 13])
1 If W is non-elliptic, than D(W) has
a natural KLM distance : /E

,
7) as before

2 The affine building DISL(3)) does too!
(nexttopic)

3 Thus D(W) embeds isometrically in DISL(3)) !



AffinoGrassmannians

Def The affine Grassmannian of SLCA" is

GJ=Gj=Gj(PGL(x) =G),)(((t)))/+
*GL
,
)([[+]7)

.

"I "It"

· for xet ; let += ding(t,...,+) =G
· .g . (to] EGs is the "origin"

· Have 14G as EC+*]/x13



AffinoGrassmannians

Kay FactHave double coset representatives
HG/H Ef1XeN+

Key Cos Have a KLM distance d :GsGst1+
where d((g.],[i])=x +1+ St. AgigzH= H++

Ex #X
,MetS then H(Y)"AMH=Hysos(m-X)It

so that d([+*]
,
(+MJ) =sost(-X)



AffinBuildings
Def The affine building on Gs, is the simplicial
complex &, whose vertices we the points of E,
and whose simplices are collections of points
all of whose distances are fundamental weights.

...

* (+110] . -1 .[+100] Ex:
W w EXz
(0087 tree where every rested

has

uncountable Legsee
IBwhat-Tits tree)



AffinBuildings
Thm ([FKK]) For W non-elliptic, Fisomatic DIW)35%.
Ex They exist gi , ge, gr , gy. ...Ea S .4.

·

· =We

=w ,
gi

"IIIIII .
Magn,

· i·
as

Id(gy,g ,)=2w,
· :
94

·

· 94



Miniscule walks
-

Ideafor an SL13) wels, walk Ex
VI

·

Vz
·

·

along theGual graph, adding ·distances at each stop.
Picks up S2(3) weights
according to : ·

·

Vy

·

·

·

twi twe d(vvvvy) = Zw+w= (3,1,0)
· VS

.

d(vvv) = zw
=
= (2
,
2
,
8)

smaller!



Chesent geodesics-
Suppose / has KLM distance d:XX+1

+.

· A miniscule walk from alX to bey is
ato, V1, ..., rub s.t. Vij drivfi) miniscule

·Let

S(a,b) =Eri,Villy minisculewall atb3c1+
· A KLM geodesic is a pa aminimaof slasb)thachieving
· X has coherent geodesics if dlab) is always the
unique minimum of Slab). Fact Gr

,
works



~

The /upesbosg 1957,cosics
#f W is a non-elliptic SL(3) web, D(W) has coherent

geodesics.
Ex Non-example :

P
d(p-u,+unq)= 10,0,3)

· = (3
,
3
,0)⑨ ⑨ ⑨

Ul
⑨ ⑨

·VI

⑨

·

·

·

·
d(p eviev-q)= (3,0,0 =

⑨
Uz

·
· · Vz => (4

,
1
,
1)

⑨

· has squares



~take Components
Fact Us is very infinite, complicated !
& What do loops inOn look like?

· For any
TEST(3x5)

,
have

DIW) wherelygij=psmiT
partitionw/boxes 1, ...,j

gro
&

·gi

:
· gz

g



~take Components
·The geometric Satake co respondence relates

Es and She mod
1
...quivalence of the category of equivariant
peresse sheaves on Er, and sep(SL) as
symmetric and pivotal tensor categories ... )

Def Let F= Shops in I-skeleton of D, of length n
starting at [+] w/stops of distance w,

This is a Satake Fiber.
It is aprojective variety .



~take Components
Fact:Furs

,
(v&)= H+p(fn, () (V=())

· Hencetop-limit isseducible components of In

correspond to a basis of Enus
,

(a)
,
the

Satake basis

Q what aso those components?



~take Components
Def For TestT(sic)

,
let n=x and set

F= ((pr,Py..,Pn-1)(fn/poCt], d(pppi)=TsiVi3
wis

Po

These are fan configurations Prol
Pi

P2

Thm (CHaines'06]; see [FKK,84]) ...
P3 T

The isseducible components of In
as [F/TeSTled] .



~take Components
Def Geometric rotation onEn is given by
+(po,p, ...,Pr1) = (pip,pipe,...,pint,pips

Thm (Fontaine-Kamnitzos)
· For every TESKT(), we havet(F)= From 11) :
·Moreover, the subset

Up = 10+if promi(T) = E(pp,py ...,Pn) +Fu(d(piPij)=Psomi (T)<j3
is Lense in Fr.



~take Components
Thm (FKK) for TESTT13x)

, every lop in Ut extends

uniquely to an embedding p
:D() -Das.

d(F
,
G) =wi = d(p(f), p(t))=wi .

Moreover
, p is

isomatic.

Rem-Hence a generic loop ina uniquely "tills in
"

to an isometrically embedded copy of some D(W)!
·Gives "finity models" of ua's geometry !



(4)building geometry

Q Can this extend to SL14)?

Immediate problem: Op is 3D, but DI) is ID!



Hourglassplabic graphs
Thm (Gaetz-Pechenik-Pfannerer-Striker-S

. 125)
There is a (rotation invariant) SL(4) wob basis

consis of top, fully seduced, Howting
hourglass plabic graphs.



-197basis example
lassEx

a
Zhoug

1347814 23

256914 " 21 24
10 12 13 IS 16 IS 26 78

11 20 22 2) 29 303132

Note

· ↑
-
-



Tippermutations
Dof (PPSS 126) Anchouglass plabicgraph has
trip posmutations trip, ..., trip- whose trip, takes
the ith left at white and itsight at black:

Ex 6 I

· =trip,= 1135)(642) Note
S · 2 =trip== (14)(25)(36) trip :=trips i !

·

=trip,= (S31)(246)

Y 3

(=4)



ThmKpS176) twomoreod
, fully soduced

4-HPG's have the same trip permutations
- they ase relatedby moves :

~ ~ ~ -

/
% ⑳ Y

"top" --- ..%%- ·
·

· · ·

-

& /
· ~ - ~
- &"bottom" - Y ↑

⑳

Y ↑ ·· Y
- · · · · ·

benzene square
man moves



-moves

Ex
· ·

· · · ·

· ·D ·

·

↑

· · ·

·

↑

· ·
ol12 ·

,
·
,

· · · ·

· Y ·

top



~of (Grote-Strikes S.W

Pockets

Let e be the more-class of some fullyseduced
4-HPGW

. Then these is a 3D flag simplicial complex
Ple) called the pocket of 2, which DIW) embeds into

· Requires expanding sources/sinks via #H moves :
↑ ↑

↑
-

·--- ·

-



Pockets
-

· Builda pocket From a move-class by gluing D(W)'s
with tetrahedra between moves :



one· S

class of

4El,235253,435
has 6 tetrahedra

· square more
·

14 triangles
& &

·

& · ·
·

19 edges·IIIIIII #IIIIIIII/19/1.

8 vertices

·

(+6 more) A



-Point of SS ASM :

Pockets

=15253545

#
Note Related to

height functions,
octahedral
Securence

,

tilings of the
Aztec diamant,
Listributive lattices



TPoint of 303 ASM .Pets aodval-octahedsal
honeycomb

B
Nostical ogs,



#point of 2022 ppPcnots



Pockets
-

Expocket of a "chained Lexagon" :



Pockets
-

Expocket of a "chained Pentagon" :

Note Not embeddable
in IR3



-chettopology
Thm (GSSW)
·A pocket P= Plt) is simplyconnected,
contractible

,
and CATCO)

.

· P is a singular interval bundle oves I.
· Pembeds in 1R3 in "nice" cases

, though
there can be embedded Kloin bottles requiring IR".



chetdynamics
·Pockets somemter the base Face and boundary loop.

"Rotation" moves base face mash along
"Reflection" ceresses boundary lop

Thm /GSSW) The map from SKT(4xc)
to pockets

intertwines prom,eac withotation
,
reflection .



Pocket geodesics
-

·We define a separation-style labeling on pockets
using trip ,tripe,trips .

Agrees whysouth labels from each D(W)4P
Includes Jules for labels on vertical elges
Proper !



Pocket geodesics
-

*Cussent prof requires oneThm (GSSW) face to be on boundary

*
·Pockets have an SLC4) KIM distance ·

It has coherent geodesics .
The corresponding TESKT(4xc) is encoded in
boundary distances to base Face.
Geodesics avoid double-crossing trips.

Note Sometimes geodesics must more through the
pocket rather than a single Qual Lishoid !



Tocketembeddings
Thm (GSSW)

For a pocket P, Fisometric P3Wu

Rem . Moves are a "Feature" rather thana bug !
· Suggests highersank web bases will have evenmore

moves
·Seeking "top" seps has geometrie meaning
· Pockets are generally non-affine Gotinasingle

apartment)



Tocketembeddings
Thm IGSSW) for TESTT14)

, every loop in Ut extends

uniquely to an embedding p : P(T)-Dy St.

d(F
,
G) =wi = d(p(f), p(t))=wi .

Moreover
, p is

isomatic.

In this sense
, pocketsare generic finite models

of the goometry ofT !
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