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Continuous metrics
-

Recall R-valued metric : d:X*X-Rs .t.
1 (Non-negativevalued) d(y)0
2 (Symmetry) dayl =cly, x)

3 (Non-generacy) d(x,y)=0 EX=
y

4Triangle inequality) d(x ,y) + d(y ,e)=d(x,z)
·A geodesic y : (ab]-X satisfies d(r(),()= 1x-Pl



Discrete motrics
-

· Next : discrete
, representation-theoretic analogues

mising from work of Kapovich-Loob-Millson,
Fontaine-Kamnitzesuperher

· Key structure : combinatorial geodesics
·why? Crucial structure for affine building embeddings

of web bases



Motivation
-Tsimple motivating example for she:base Face
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weights
#hocallThe SL14 dominantweights as 1+:

x= (x, ...-x))e15(
, ...,
1=1 .

· The fundamental weights of SL(s) are
wi=(i,011)

w*= (05;-(i) W, i :I

· If X
, p

Eti where I-1pltte for some he,
say 13) Um,)-



KLM metrics on graphs
-ot f be a simple graph . Directedges bothways, add

self-toops.Def A KLM metric on G is d on such edgos lit sit.
1 (Prminant-weight-valued) d(un)e1=Ena/(1y
2 (Duality) d(u,)=d(v,n)

*
=-cor(d(v,u))

3 (Non-generacy) d(y,y)=Del+ E X-y
4 (Relative triangle equality) If un,w is atriangle, d(w)=we,
then745

,
st dluw)=d(n)++d(w) x+

Twc
h

W
,⑧ ·

U X v



&Mmetrics on graphs
·Let

Pwlu) =Eri,Villn= ro,v=Uh, drivfi) Fundamental3C1+
·We have coherent geodesics fromtov if

minDw(un)= d(u,v) exists uniquely.
Ex Sh: 1=/(=0 d(n

,
n+1)= 1 (=wi)

⑳-1 ⑧ -6= -
-10

d(n
,
m)=d(n

,
m+1)t)

d(n
,
m)=minDw(n,m)= In-m)



-Its-webLuals

Ex We're interested in Lual graphs of robs:
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D(W) is ID For SL(2) D(W) is "ID" For SL(3)



-LMDistances in Webs
Ideafor an SL13) wels, walk Ex

VI

·

Vz
·

·

along theGual graph, ·
picking up S2(3) weights ~ IIIIIII) ·

according to : ·
·

·
+w
,

+wiw Vy
· ·· ·

· d(vvvvy) = Zw+w= (3,1,0)
Call this the distance ofthe VS

.

walk
.

d(vvv) = zwi= (2
,
2
,
8)

smaller!



-Goodesics
Thm (EKupesberg 1967, [Fontains-Kamnitzes-Kupesbosy 13])
#f W is a non-elliptic SL(3) web, it has coherent

geodesice.
Ex Non-example :

P d(p-n,un+q)= (3,30
⑨ ⑨ ⑨

·

·

· d(p-v ,=v+q)= (3,0,0 =
⑨

Ul
⑨

·

⑨
·VI

⑨
=> (4
,
1
,
1)

Uz
⑨

·

⑨ · Vz Enot coherent!·

⑨ ⑨
⑨

% has squares



Buildings
~why do they have such distance structure?
A they embed in the affine building U=01S[]) .

big simplicial complex
built from the

affine Grassmannian

· CFKK] proved this For DI) w/W non-elliptic



AffinoGrassmannians

Def The affine Grassmannian of SLCA" is

GJ=Gj=Gj(PGL(x) =G),)(((t)))/+
*GL
,
)([[+]7)

.

· Have points [F)= (ding(t*,...,+*)]
· Fact Double coset rops

HG/H Et1XeN+3

· Gives KIM distance d : GrGs+1+ whoherent geodesics
Ex H(+x)"+MH= H +sox(m

-x)(+ = d([+x]
,
[+M])

=Sost(m-x)



AffinBuildings
Def The affine building on Gs, is the simplicial
complex &, whose vertices we the points of E,
and whose simplices are collections of points
all of whose distances are fundamental weights.

...

E +H . " . H Ex:
W

·

w EXz
1000I tree where every rested

has

uncountable Legsee
IBwhat-Tits tree)



AffinBuildings
Thm ([FKK]) For W non-elliptic, Fisomatic DIW)35%.
Ex They exist gi , ge, gr , gy. ...Ea S .4.

·
=w ,

·
w
,
y=wz

=w ,
gi

·· i/ d(gy,g ,)=2w, IIIIIIIII
· : geodesic

· W11
94 Listance

·

· 94



Hourglassplabic graphs
Thm (Gaetz-Pechenik-Pfannerer-Strikes-S

. 126)
There is a (rotation invariant) SL(4) wob basis

consis of top, fully seduced, Howting
hourglass plabic graphs.
Los Effective equality testing in SLC4)-mod !



-197basis example
lassEx

a
Zhoug

1347814 23

256914 " 21 24
10 12 13 IS 16 IS 26 78

11 20 22 2) 29 303132

Note

· ↑
-

-

-



ThmkpS16) twomoreod
, fully soduced

4-HPG's have the same trip permutations
- they ase relatedby moves :

~ ~ ~ -

/
% ⑳ Y

"top" --- ..%%- ·
·

· · ·

-

& /
· ~ - ~⑳ ⑳

- &"bottom" - Y ↑ Y ↑ · Y
- · · · · ·

benzene square
man moves



-moves

↑ ↑* ·

·

·

·

·

·

·

·

·

·

·

· · · ·

·

ol12 ·
,

·
,

· · · ·

· Y ·

top
Note . These is a notion of sly-valued distance
·Without moves

,
can fail to be coherent!



~of (Grote-Strikes S.W

Pockets

Let e be the more-class of some fullyseduced
4-HPGW

. Then these is a 3D flag simplicial complex
Ple) called the pocket of 2, which DIW) embeds into

· Requires expanding sources/sinks via #H moves :
↑ ↑

↑
-

·--- ·

-



Pockets
-

· Builda pocket From a move-class by gluing D(W)'s
with tetrahedra between moves :



ockets

·
S

class of·Po
4El,235253,435
has 6 tetrahedra

· square more
·

14 triangles
& &

·

& · ·
·

19 edges·IIIIIII #IIIIIIII/19/1.

8 vertices

·

(+6 more) A



-Point of SS ASM :

Pockets

=15253545

#
Note Related to

height functions,
octahedral
Securence

,

tilings of the
Aztec diamant,
Listributive lattices



TPoint of 303 ASM .Pets aodval-octahedsal
honeycomb

*
*
"

Vestical edges)( amitted



#point of 2022 ppPcnots



Pockets
-

Expocket of a "chained Lexagon" :



Pockets
-

Expocket of a "chained Pentagon" :

Note Not embeddable
in IR3



-Goodesics
Thm (Gaetz-Strikes-S

.-Wu)
·Pockets have an SLC4) KIM distance ·

It has coherent geodesics .
The corresponding TESKT(4xc) is encoded in
bounLasy distances to base Face.
Geodesics avoid double-crossing trips.

Note Sometimes geodesics must more through the
pocket rather than a single Qual Lishoid !



AffinBuildings
Thm (Gaetz-Strikes-S.-Wu)

For a pocket P, Fisometric P3Wu

Rem . Moves are a "Feature" rather thana bug !
· Suggests highersank web bases will have evenmore

moves
·Seeking "top" seps has geometrie meaning
· Pockets are generally non-affine Gotinasingle

apartment)
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