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Outline

-websand Shy-webs

Tempody-Lieb and ne-elliptic bases
· Hourglass plabic graphs

(Now !) Shy web basis

·Pockets and buildings



TheWebs

·Webs are agraphical calculus forrepresentations.
· Let V= D? Some building blocks :
Y V+ v v 4 vov

Mosphisms
of

V * 4 vov+ rv SL2-teps
it * id &
Verv- v VoV*-D-Vort VoVeVor

~fahe rowway



TheWebs

Ex P #
&

& VoVt 9te * =2
↓ I
K 14=2

v

Ex
v I

-~e -&

Elvi ① eil
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She-Webs

-an"sotate" factors from codomain to domain with Luals :

Hom
,
(H
,
Bo() = Hom

,
(A* (*, B)

Hens-hom adjunction and Home(X,4) =Y**X .)
Ex

Graphs
-Inv)) in Lisks
=Homy(-()



TheWebs

rov

·What about det:Vor+ I ? Use
??

· Switch to bipartite graphs : &

[] Eye []]
⑨ ⑨

· = V =V
+

Yy, +42yz det in Lomain

Copposite in codomain...



TheWebs

Ex (
.

(
=Letde

#
·

W =Hom(V)

Ex Plicker solutions :
(4,+23- 12143)(x12424 -7224/4)

⑨ ⑨ · ⑨ ⑨
-

- t (x,+22 -+21f,z)(x,y+24 - +23/4)
⑨ ⑨ ⑨ ⑨ ⑨ ⑨ t

(4,424- 12144)(x,2/23 - 42243)



Temposly-Liebbasis

· Using O·DD. can reduce any matching diagram
to a linear combination ofmatching Liagsams :
·

· ..



Temposly-Liebbasis

Thm The non-crossing 2-for webs acon basis
to

Inst(V,o...Vn) (VieEV
,
V+3)

called the Tempory-Lieb basis.
Pf · Spanning : Lingsams span by classical invariant theory,

noncrossing by uncrossing Jule.
· Independence : by Pieri sulo,
Lim Invs(VO4) =#SHT(2)



Temposly-Liebbasis

Some Catalan bijations :

34

Z
* * *

7 121 /4 I
Sych

*

I
*

*811 · "path
*

jjz 1112122212112/22

lattice wort

standard young tablean



Temposly-Liebbasis

16 I

15 I

Sosa 14 3 Non-cossing
13 4 perfect
12 S matching
11 6
Ig 7
9 g



-comotion/evacuation

Thm The bijection NLM(2n)== SYTLzxn)
sendsrotation to promotion

reflection to evacuation .

· "Hidden" Likedal action on SKTL2xn) !



-comotion/evacuation
16 I 16 I

Ex 15 I 15 I

14 3

13 Rotate Y12 12

11 6 11 6
Ig 7 Ig 7
9 g 9 g

Promote

39 34



XuantumLink Invariants

The quantum group Upll) is an algebra deforming the
luniversal enveloping algolosa of1he

.

·Sending a I seconess the usual case.
· Inv (Vo-) still has a Temperly-Lieb web basis

:

O
·isjections of knots/links/tangles become
polynomialsing;refined version of Jones polynomial



swebs

· Let V=C
,
VieEV,V*3.

Q Is these a nice reb basis for Ins
,

N, o-)?

· Use bipastite planes graphs in a disk built from
↳·

= hot (h) lo trirdent) .
⑨

It dua) Have univalent boundary vertices
and connected to boundary.

Shy-webs



swebs

Exit

Ex
· -

=... a polynomial obtained by
· summingares propos edge
· 3-colorings...



swebs

The (Kupeosy94) The generating Stawob relations are
= 3

⑨ = 2.

⑨

- t

⑨



Mon-elipticweb basis

Thm (Kuposberg 194)
Call an SLz-web non-elliptic if it has

no 2-faces or 4-faces.

The nonelliptic webs form a basis of

Furs (Vo ..Un) . NiCEV, v43)



#Spanning:
simtonollipticwobas is

· Independence : bijection to SKT(3x) using
growth Jules. 10thes descriptions

of this bijection
have since beenFound)



Is-growthsules

Kuposberg-Khoranov growth sulos :
1 2 1321 323121

3 2 I I 2 3

2

3
22

3
I

212213

I I I 2 3 33 2

I
3 2 3 3 3 12

Z I 2 3



Is-growthsules

*

T 11/223233

111223233

3 ↓ I

111223233
Z

3

2

111223233

3 ↓ I



Is-growthsules

It 11 1223233)
111223233

B I

I

B
3 ↓ I B

3 E M
I

3
Z

I

3 2 2
2

I
I

2
3

↳
B I

L &

Z Z

Now just esase labes !



-comotion/evacuation
Thm (Petessen- Pylyavskyy-Rhoades)

The bijection from now-elliptic webs to SYT(35)
sendsrotation to promotion

reflection to evacuation .

· "Hidden" Likedal action on SYT(3 xm) !



-comotion/evacuation
=

i In t

Rotation



-Webbasis

Applications
· Quantum link invariants

She link polynomials, Foams, ...
· Instes algebras

Clustes structures on Klijigue]S
·Enumerative combinatorics

promotion , evacuation, cyclic sieving
· Dimes models
· Representation theory



Theweb basis problem
Problem (Khovanov-Kuposborg 196)
Give a web basis For Invsy

,

No. V) for 14.

*with Lesicable properties for use in applications :

testability
reduction Jules

rotation invariance



Hourglassplabic graphs

DofPhonikanths,
planas bipastito graph embedded in ahish with
edgo weights in 11 which sum to a around internal
vertices

,
and boundary vertices have degree I

.

An edge with weight m is dawn as an m-houglass :
3 ab-houglass
· ·



Hourglassplabic graphs
Ex 19

28 12
& ·

18 · · 3
· ·

17 * ⑧
Y

·

↳ ·
S

&. (0)

/y ·

13· ·

g
12 ·

Il 10



Hourglassplabic graphs
·Encodes morphisms in Homulus(V, (e)

4 ·
I

a .g . =detf) (
· z

·Here M

1Vg in Lomain .
..

· See <Cautis-Kamnitzes-Mosison] fora trivalent version.



Tippermutations
Recall Postnikov 106 introduced plabic graphs
and their trip permutation :

28

18
· 3-

Ex
·

19·'
· tip=D2567891516)

17 · ⑧ 1410111213
left atwhite 16

· ·

·
S

14 171814 20)

↑ IS
·

· G

-
/y

·

·
·

13
· g

right at black 12 · ·
Il 10



Tippermutations
Thm/Def (Postnikov'06) A lleafless

,
connected,

Fixed-point Free) plabic graph is reduced if it has

I no sound trips
I no essential self-intersections
3 no bad double

crossings: ·

· -
....

·

· : .
:

sound trip self-intersection bad double crossing



Tippermutations
Thm (Postnikov'06) Two such plabic graphs have
the same tip if and only if they are solatedby
moves :

· ·

-2

Mi Square move: · ·

M2 Edge contraction: -

M3 Vertex removal : &



Tippermutations
Dof (PPSS 123) Anchouglass plabicgraph has
trip posmutations trip, ..., trip- whose trip, takes
the ith left at white and itsight at black:

Ex I

· =trip,= 1135)(642) Note
S · 2 =trip== (14)(25)(36) trip :=trips i !

·

=trip,= (S31)(246)

Y 3

(=4)



-moves

Thm (GPPSS 123) Two contracted
,
Fullysoduced

4-HPG's have the same trip,tripe,trip,
- they are solated by moves :

~ - ~ -

/
⑳

% ⑳ Y

"top"
-·

T·%%
-

·

· · ·

-

/

"bottom"
- -

T

~

Y· Y
- · · · · ·

benzene square
man moves



-moves

Thm (GPPSS 123) These is a bijection
between SKT(4x) and such moreclasses

.

# sends promi (T) to tripi (6) .
Ex

·

· ·

·

· ·

- ·

·

%

·
·

%

·
·
/ ,

· ·

Y
· ·



-moves

Ex

13TI"
10 12 13 IS 16 IS 26 78

11 20 22 2) 29 303132



comotionpermutations
Def (EPPSS 23abuilding on Hopkins-Rubey)
The promotion permutations of TESKT(C) aso

prom .(T)
= (pcm, (T), . . ., prom- (T)

with prmi(T)es, defined as follows.

Let pij be the unique entry of Pr" (T) which slides
Fromsow it to sow i when computing PICT) . Set

*

psmi(T)
: ji (pij+j- 1) mod n .

*

(n=(c)



comotionpermutations
*Fi +P(t)

·-+pi(T)

e -
...- +PT)=T

prom, (T) =254163
=>

pomzLT)=416325



comotionpermutations
Thm (GPSS1 23 .2) Let Te SKT(sc)

. Then :

a Promilt) is a fixed-point free permutation
b) promi (T)"= psom ,-i(T)

↓ copsm ;(Toc = prom ;(P(T)) whose =(l2 ... n)

& woopsmi(Towo= prom;(E(T)) where wonnt ... 21

· Hexc(pomi (TI)=Eele is in the first : cows ofT3
whore Hex(it)=[i :(i)>i3
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comotionpermutations
Cos prm. (t) is a combinatorial model manifesting
thedihedral structure on SKT(C) !
Ex · · a a

a

·# ·
a

a
a

a

a

a

a
a

a

a

a

a
a

⑮

a

a a a

prom , prom, Poms
(Here T=El,21451,3,43235,2333,43T is amose general fluctuating tableaux)



Maintheorem

Thm ([GPPSS 123])

[[W] /W is a top Fullyseduced 4-hourglass
plabic graphy

is an Sly web basis .
· Soves the Slubasis problem From 194!

· Effective graphical calculation with Shy-webs
(Grobnertike theory) !



ockets
· Fontaine-Kamnitzer-Kupesberg'13 embedded Iduall
SL(3) basis webs inside the affine building

.Related to geometric Satake correspondence.
· following a suggestion of Kupesbary , ongoing work
of GSSW'24+ associates SL(4) basis move classes

with 3D "pockets".
· Beautiful connections to tilings of the Aztec
Liamond
, crystals, and mose.



AffinoGrassmannians

Def The affine Grassmannian of SLCA" is

AFFEc= PGL,((((H) )/PGL,(([2t]7)·

Fact There is a notion of distance d on AffE,

with values that are dominant S21s) weights :
X=(x

,13 ...-)) + 4% /, ..., 13



AffinoGrassmannians
· Why? The double cosets
6)((((+]]) (G),((((+))) /G,((((+]])

have canonicalrepresentatives
+
x
= (
+"
+2
...+)

.

·Similarly for PEL,
· Used(p,q) =X pgcH++ H .
· .g. d(p,p)=0 d(p, y)=d(gp,gq)d(q,p)=cor(d(p,y)



AffinBuildings
· The fundamental weights of SL() ase wi=(1 :01")

w= (05;-(i)Wi
· Coresponds to 1'V andMir.
· Essentially generates SL()-representation theory
Leg. Kasabi envelope... )



AffinBuildings
Def The affine building on AfFGs, is the simplicial
complex &, whose vertices we the points of AffEr,
and whose simplices are collections of points
all of whose distances are fundamental weights.
EX

· d(g,,gz)=w ,
gett :

11/11
· gal If d(gn,gz)=w, then Eg.H,gul,giH3E4
·H d(gs, g ,)=w



AffinBuildings
Thm Containe-Kamnitzer-Kuperbosy' 13)
The duals of non-elliptic SL(3) basis webs

can be embedded in Us . For Faces Fift
,
the

distance between the corresponding vertices in y
is the geodesic distance ind los the embedding).
· d((()=



AffinBuildings
Ex these exist gige,ga,gy, ... sit.

·

· =We

· agg

94lt

·ageni 11IIIIII) in 8d(gy,g ,)=2w,
:



ockets
· We (ESSW) show these is a 3D analogue for the
SL14) web equivalence classes : pockets in Dy.

· Requires expanding sources/sinke via EH moves :

↑ -M
·

==

-
=

·

-



ockets
Ex

T ·Po
class of

4El,235253,435

·
·

·III ·III +6 mose·

·
·



Pockets
-

· Build pocketsFrom 4-PE basis web more classes :



ockets
Thm /ESSW'24+) The pochot P=PCT) is (ATCO) and a

singular interal bundle over the closed disk.
The simplicial sections of pa in bijection with the
moreclass corresponding to T
The (ESSW'24+) Given an isseducible component ofa
Satake Fiber of t =W(s(i) indexed by I, these is adense
open set Ust. every point of u extends uniquely to a
configuration P(T)40 which preserves distances.



ockets
Ex Pocket of 55 ASM : =1253543

Note Related to

height functions,
octahedral
Securence

,

tilings of the
Aztec diamant,
Listributive lattices



Pockets

-Pocket of 24242 PP :



Pockets
-

Expocket of a "chained Lexagon" :



ockets
Expocket of a "chained Pentagon" :

Note Not realizable

in IR3



-utressWork

· Understand Prom .
Characterize image web Quality?

· General SL
,
case

Mostly know how to do =d
·Higher growth suos
·ASM/PP connections
·Code for wobs



THANKS!


