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Outline
· Catalan and Tableaux combinatories

· Dihedral models and webs

· Promotion permutations
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Catalanobjects
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Q There is a natural Lihedral action on NCM's.

Is there an intrinsic description on tableaux ?



Tableauxcombinatories
Def A partition of n is a list X =(, ...,Xn) s.t. X,A ...Ano

- X,+...+xu=n .Ex x=(3,2,2) has diagsam

Def A standash Young tableau of shape X is a filling of
the diagsam of X with 1

,
2
, ...
n increasing along DWSand down columns .

Ex T= SYT(X)



Tableauxcombinatories

Def (Schutzenberges(77) Promotion on TESTIN) :
I Delete I 2 Slide ! .:...
3 Fill holewith nol

,
: : (a<b)
... ...

decrement all by 1, .......
Yields PLESTI) : :

=

↑ PT



Tableauxcombinatories

DeF (Schutzenborges) Evacuation on TEST() :
I Delete I

,
slide; delete 2, slide; eventually get o

2 Record
sequence of holes in new tableaux ECT)

=

↑
-EL



Tableauxcombinatories
Thm P and & are bijections on SYT . Moreovos

:

) E-id

bEPE=P
+

Recall Ditans /5=5= 1, s =5

C

Thm IF X= (c)= -#"" is rectangular,
them P"-id .

(n=x)



Catalanobjects
The The bijection NLM(2) SYT(2xC)

sends rotation to promotion
reflection to evacuation.

· Explains "hidden" Lihedal action on SYT(2x) !
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· Reflection through diametes between 1 and n gives evacuation



ihedralmodels

Is there a natural combinatorial model for
rectangular tableaux with 2 which explains the
dihedral action?

A (1= 3) Kuperberg'96 intoduced a
"non-elliptic web basis" orUgl
indexed by SYT(x).



St-Webbasis
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St-Webbasis
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Now just esase labels !



SLy-Web basis
-

The (Petessen-Pylyarsky-Rhoades 109, Patrias-Pechenik'21)
The bijection from non-elliptic webs to SYT(3xC)
sends rotation to promotion

reflection to evacuation.

· "Hidden" Lihedl action on SYT(3 +C) !



St-Webbasis
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-Webbasis

A (4) Gaetz-Pechenik-Pfannoser-Striker-S. 23.
introduced a "top Fully reduced howglass

web basis" For Ug/A)
indexed by SYT(C).

Thm (EPPS5'23b) This bijection sends↑

rotation to promotion
reflection to evacuation.



-Webbasis
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Promotionpermutations
Obs (Hopkins-Rubey'21) 3 - or basis webs are reduced
pla saphs in the sense of Postnikov 106.bigraphsSuch

g are entirely determined by their
"trip permutations"

② what are these trip's?



Promotionpermutations
Def (GPPSS '23 .a building on Hopkins-Rubey
The promotion permutations of TEST(C) are

prom .(T)
= (pom, (T), . . ., prom ,- , (T)

with promi(t)es, defined as follows.
Let pij be the unique entry of PJ(T) which slides
From sw it to sow i when computing PJCT) . Set

* *

/m ;
(T) : ji (pij+j- 1) noch n

.

(n=+ c)



Promotionpermutations
P(T)
= PT)

· . 0
... PT)=T

prom, (T) =25 4163
=

pomLT)=416325



Promotionpermutations
Thm (PS5 23

.2) Let TEST/(c) Then :↑

↓ prmit) is a fixed-point free permutation
$ pom;(T= promc-iCT)

) /m ;(To c
= prom ;(P(T)

whose C= (12 ... n)

d wo pomi(T)owo= prom i(E(T) where won nt ... 21

& Hexc(mi(T=Eele is in the first i rows ofT3
where exc()-Ei:(i)i3
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Promotionpermutations
Cos p/m . (T) is a combinatorial model manifesting
the dihedral structure on SYT(2) !
Ex & · ·

% ↑·↑ · ·%- & &- &

&

&
&

· &

& · &

& ·
&

& & &

prom , prome proms
(Here T=El,21 E1,3,43253,2333,43T is amore general fluctuating tableaux)



Promotionpermutations
Cos When - is even

, prome (T) is a perfect matching.
Note When 1-2

,
we recover the Catalan bijection !

When F4
,
we show in GPPSS 23

.b that

promulT) has no 4-crossings.



Open problems
-

Open Problem 1 ("Higher rank Catalan objects")
Characterize the codomain of prom .

Open Problem2 ("Combinatorial web Qualit")Y
Describe pom. (transpose(T)) in terms of ppm.

(T),

without going through tableaux .



Alternate definitions
-

See PPSS'3 .a for six different characterizations
of prom.:

· Bendes-Knuth involution snap positions
· Decorated local se diagrams
· Row slides
· Antiexcedance sets
· First balance point conditions
· Kashiwa crystal raising algorithm



THANKS!


