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Outline
· Housglass plabic graphs

· ASM, P, Tamari examples

· Pockets



Hourglass plabic graphs-
DoF An--houglass plabic graph Is-HPF is a plans
bipastite graph embedded in a dish with
edge weights in ( which sum to a around internal

tilesVer
,
and boundary vertices have degree 1.

An edge with weight m is dawn as an m-houglass :
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Hourglassplabic graphs
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Hourglass plabic graphs-
Q Why?
Al :Encodes morphisms in Homeles(Vo, (()
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· Effective calculation
,
e .g. link invariants



Hourglassplabic graphs

A2Connects amazing combinatorial examples !

Today: As, Ps,Tamaji



Tip permutations-
Recall Postuilo'06 introduced plabic graphs
and their trip permutation :
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Tip permutations-
Thm/DeF (Postnikov'06) A (leafless

,
connected,

Fixed-point Free) plabic graph is reduced if it has

I no round trips
- no essential self-intersections
3 no bad double crossings
· ....... &
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Tip permutations-
Thr (Postnikov'06) Two such plabic graphs have
the same trip if and only if they are solatedby
moves :
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Mi Square move: & &

M2 Edge contraction: S

M3 Vertex removal : -



Tippermutations
DeF (PPSS13+) Ans-honglass plabilgraph has
trip permutations trip, ..., trip- 1 whose trip: takes
the ith left at white and ith right at black:
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-=4 moves
-

Thm (EPPSS 123+) Two contracted
, Fully roduced

4-hourglass plabic graphs have the same
trip,tip,trip, if andonly if they are related by
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-=4 moves
-

Thm (GPPSS 123+) These is a bijection
between SYT(X) and such move-classes

.

It sends prom; (T) to trip; (G) .
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PP lattice
-

Prop (GPPSS 123+) Let a,b,c> 1 witha C .

The 4 move-equivalence bas associated to
the loscillating) tablean with lattice word
=14224T is in bijection with

plane partitions in an ab box .



-
Plattice

Note↓ · trip, does not see benzene moves (no square moves)
·

rip does
· Poset : bottom top



ASMlattice

Prop (EPPSS123+) Let n 31
.

The 4 move-equivalence bas associated to
the tablean with lattice word

L=2324 is in bijection with

wen alternating sign matsices .



ASMlattice

Ex
& & &

ASM :
& & O 10class

& &

I !of
& & & I -I

& & & & O I

& & &

Note↓ ·

ip does not see square moves (no benzene movesZ

·

ip I does
· Poset : increase byi



Tamari lattice
-

Recall The Tamari lattice is the set of triangulations
of an ugon, with covering solations given by
flips that increase the slope of theLiagonal :
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Generalsquare moves
Def (See Cautis-Kamnitzer-Morrison '14

,

Frases-Lam-Le 19
,
Fases'23)

Thes-HPF square move is :



Faser 2-column webs
-

· Frases 23 constructeda rob basis (up to square
moves) indexed by SYT( +2) .
Thm (EPPSS123+) Fraser's construction is o

bijection between S/T(+2) andsquare move equivalence
classes of contacted

, Fully reduced -HPG's with
b internal black vertices and +z internal white
vertices. It sends

por :(T) to tip:(W).



Fraser2-column webs
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Fraser2-column webs
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Fraser2-column webs
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Fraser2-column webs
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Fraser2-column webs
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Faser 2-column webs
-

Prop (EPPSS123+) Let ~3 1
.

The move-equivalence bas associated to
the tablean with lattice word (= 1122 ...J
is in bijection with the Tamasi lattice of

triangulations of an -gon
.



Fraser2-column webs
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Pockets
· Fontain-Kamnitzer-Kuperberg

· 13 embedded (dual)
SL(3) basis webs inside the affine building -Related to geometric Satake correspondence.

· Following a suggestion of Kuperberg, ongoing work
of GSS +Haihan Wn'24+ associates SL(4) basis

It

classes with 3D "pockets &

· Beautiful connections to tilings of the Aztec
diamond
, crystals, andmore



AffineGrassmannians

DeF The affine Grassmannian of SLCD" is

AFFE,= PGL,((((H))/PEL,(([[]]).

Fact There is a notion of distanced on Aff,
with values that are dominant SLI weights :

x=(x
,
3 123 ...(x)) + ///

, ...,
1



AffineGrassmannians
· Why? The double cosets

6)
,(k((t]])(G,((((t)))/GL,((((]])

have canonicalseprsentatives
+ = (

+↑
+
...+)

.

Similarly For PEL,
· Used(p,p) =xpget+ H

.

e .g. d(p,p)=0 d(p, p)=d(,gg) d(p)=-jov(d(p,p)



Affine Buildings-
The fundamental weights of SL(6) are wi=(1),0 )

w!= (05; - 1)= W, -i ·

· Corresponds to 1V and Mir*.
· Essentially generates SL()-representation theosy
Le.g. asonbi envelope...



AffineBuildings
Def The affine building on AfFGs, is the simplicial
complex D, whose vertices are the points of AFFET,
and whose simplices are collections of points
all of whose distances are fundamental weights.
Ex
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AffineBuildings
The Containe-Kamnitzer-Kuperberg' 13)
The duals of non-elliptic SLB) basis webs

can be embedded in 3.
For Faces FiFr the

I

distance between the corresponding vertices in L
is the geodesic distance ina (os the embedding).
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AffineBuildings
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Pockets
-

· We (ESS +Wu) show there is a 3D analogue for the
SL(4) rob equivalence classes : pockets in Dy.

· Requires expanding sources/sinke viaI moves :
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Pockets
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-Pocketof 55 ASM :

Pockets

L=15 253545

Note Related to

Leight functions,
octahedral
Securence

,

s of thetiling
Hatec diamond,
Listibutive lattices



Pockets
Ex Pocket of 21242 PP :



Pockets
-

Expocket of a "chained Lexagon" :



Pockets
-

Expocket of a "chained Pentagon" :

Note Not realizable

in IR3



THANKS!


