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Catalancombinatorics,
OutlingDs

·3-sor web bases
, plabiographs, yowth cules

· (Now! 4-or web bases, houglass plabic graphs
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Catalanobjects
The The bijection NLM(2n) =s SYT(Zen)

sends station to promotion
reflection to evacuation .

· "Hidden" Likedaction on SYT(2n) !
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-Invariants
Let V= 42

,
VieEV, V* 3 .

① What are the Skinvariants of V...Un?

That is
, identify HomsN... Un, 4) CK[xj;Yue].

Ex VoV : deter 12/2 is unique invasiont

(i)Get(g. X)= detly)Get(X)=Get(A
Ex V**V : pairing <y, -My , t eye is invariant

(y,yz)() <y,gx
=Cy,+2



-TensorLingams
· Encode morphisms/invariants in Liagams: V ⑳

*

V

E

8.Bit
e
- xy ,+ xzyz = Inv(V

* V)

(wil
⑳Elite -detel det ) e Inv(o



-TensorLingams
· Encode morphisms/invariants in Lingams: U .

V

Ex Plicker relations :
(n ,+2) - 42)Y13)(X,z=24 ->22Y14)

⑳ ⑳ ⑳ ⑳ ⑳ ⑳
-

- t (x+2-42)f,z)(X,3*24 - 23<4)
⑳ ⑳ ⑳ ⑳ ⑳ ⑳ t

(xx+24- 12) 44)(X,zX2z- 42243)



Tompoly-Liobbasis

⑳ ·

· Using O -·· :.. can reduce any matching diagram· ⑳

to a linear combination ofmatchingdiagrams :
⑳ ⑳
· ⑳

⑳ ⑳

⑳ ⑳
⑳ ⑳ &-Tow& & t & webs⑳ ⑳

- ⑳ ⑳

⑳
⑳

⑳

⑳ ⑳

⑳
⑳

⑳ ·

·

t & t & t -
⑳ ⑳

⑳ ⑳



Tompoly-Liobbasis

The The non-crossing 2-ow webs are a basis for

Inst(V,O...Un (VicdY
,
VN3)

Pf . Spanning : Lingsams span by classical invariant theoty,
noncessing by uncossing cule.

· Independence : by Pieri culo,
Lim Envs(V4 = #ST(z=2)



OnantumLink Invariants

The quantum group Ugletz) is an algeb deforming the
luniversal enveloping algebra of) 12.
· Sendinga I recovers the usual case.
· Inv /V...V) still has a Temperly-Lieb web basis

:

⑳ ⑳ ⑳ ⑳ ⑳

O
.

- *
.

9 O.
· t

E
⑳

· Pejections of knots/links/tangles become
polynomials in gi sefined vossion of Jones polynomial



]\TensorLingams
· Let V=K

,
ViEEU,V

*3
.

Q Is these a web basis For InvsL
,

N, 0 ... 0Nn)?

Ex
4
. ·

Y

-> Lottiest
⑳

⑳O - <y,+

There's move !



]\TensorLingams
· Let V=K

,
ViEEU,V

*3
.

Q Is these a web basis For InvsL
,

N, 0 ... 0Nn)?

Note VEV
since12V = detV=l over SL -

1*=V

42
⑳ ·

X .

Ex O -> hot)It gitse⑳

Yu y



-TensorLingams
Def 3-Towwebs are

· plana graphs embedded in a Liste
· tivalent interios vertices

,

univalent boundary vertices
· bipartite
· masked "initial" boundary vester

They encode Invsc,(, O ...Vn) .



-TensorLingams
⑳Ex -

--·,

⑳

↓·

⑳

- - "Spinny picture"!
·

·- .

· ↑



S -Web basis
-

The (Kuperbosy) The generating St-web relations are
- 3

⑳ - 2 :

⑳

- t

⑳



-Webbasis

The (Kupebosy; Kuposbeg-Khovanov
Call an St wob non-elliptic if it in connected

and it has no intomal 2- faces os 4-faced.

The non-elliptic webs form a basis of

Invst
,
(V...Vn) . NitEV,+3)



-Webbasis

Pf . Spanning : simila to she case.

· Independence : bijection to SYT(315) using
growth cules.10this descriptions

of this bijection
have since beenFound.)



S -Web basis
-

Ruposberg-Khoranov gorth culos :
I 2 I 3 2 3 3 2 3 I 2 I

3 2 I I 2 3

Z

3
22

I
I 2

I 2 2
I 3

I 1 I 2 3 3 3 2

I
B I 3 3 3 I 2

Z I 2 3



-Webbasis

Ex. 111223

I I 12 23 2 3 3

3 ↓ I

1112 23233
Z

3

2

I I I 2 2323 3

3 ↓ I



-Webbasis

(T 11/223233)
I I I 2 2 3 2 3 3

E I

1

B
3 ↓ I B

E & 4
D

3
Z

3
z &

&

1
I

2 3 B I

↳ &

z &

Now just esase labels !



-Webbasis

The (Peterson-Pylyavskyy-Rhoades)
The bijection from non-elliptic webs to SYT(3-3)
sends station to promotion

reflection to evacuation .

· "Hidden" Liked action on SYT(3-m) !



-Webbasis

Ex

3
Pom ⑰

Rotation



-Webbasis

Applications
· Quantum link invariants

S23 link polynomials, Forms,..
· Clustes algebras

Cluster structures on Kliyue]Sh
·Enumerative combinatorics

promotion , evacuation, cyclic sieving
· Dimos models
· Representation theory



The web basis problem-
Problem (Khovanov-Kuperberg 96)

*

Give a wel basis For Invsz
,

N....V For 4.

with hosisable properties for use in applications :

testability
reduction Jules

sotation invariance



heweb basis problem
Next : on solution For =4 !

· Unifies 1=2
,
3
,
4

· Many pieces work
for generals (TBD !

)

· Introduces new plabic graphs with multiple trip's

· Combinatorially beautiful ,
e .3 . connects

ASM's and PP's in a certain sense



Plabic graphs-
· Postnikov introduced plabic graphs to parametrize
cells in Golk,n) . planas bicoosed"
·They have tip permutations :

Rules of the load Ex G
⑳ ⑳

I

IH 2

27

Leftat S ⑳

⑳

· I ·
Rightat

⑳ ⑳

4 3

Trip=(125634)



-Movespreserve T
Plabic grapes

The (Postnikov)

⑳ ⑳

Two seduced plabic
⑳ ⑳ graphs have the same

Trip ifand only if they
⑳

⑳ ⑳ ne connected by a
sequence ofmoves.

⑳



omotionpermutations
Obs (Hopkins-Rubey) 3-cow basis webs are reduced
plabic graphs . What are this Tsip's?
Dof The promotion permutation of TEST131)

tracks what enters the topon when computing P"(T):

=____ = P(π)

*- - .. Prom(T) = 25 4163



Pomotionand tip permutations
The (Hopkins-Rubey) The bijection between

SL basis webs and SYT(315) sends Tsip to Prom.

EX
G
⑳ ·

I

T= S ⑳ · 2= G

⑳ ⑳

4 3

Prom(T)= 25 4163=D25634)=Tsip(6)



Promotion matrices

-prom: ST(3) -> Sn is injective, but

pom
: SYT(44) -> Sn is not.

· fix : let prom ; socord which
number enters sor i

Thm Test(s) is uniquely determined by the

sequence of promotion permutations por, .. prom,
Moreover, prom" -som- i .



Multiple trips
-

· Given a plabic graph los similas), let
tip, take the ith left at

it rightof

· Iden : if -Valent
, tripstrip--i -

· An honglass is an edge *

4-hourglass
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Multipletrips
Ex
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·
⑳
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The3Cr3/wisMainthosemod houglass
plabic graphy

is an SLy rob basis. Furthermose, wo have a bijection
SYT/414)-TFRHPf(n)

T le G

pomi(π) =t sip; (6) (ii)
...

s - 1)



Main theorem
While[W] is a collection of webs

, theyrepresent the
same tensor invariant.

Hence we have a station-invariant basis of

tensos invariants, encoded by robs !



sowwebs know! )
-

t

1347819 23
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11 20 22 2> 29303132



sowwebs know! )

Def A 4-ow web is ...

·Planar-embeddedgraph in Lisk, allowing
houglass odges ⑳

·4-valent intexix- vertices
,
univalent bounLasy

· Bipartite, marked "initial" outer vertoy



Mornateenching
6-vester model

usual

Outs

(sink)

⑳ Kouscel

· (Tansmitting)
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Topfully seduced
Dof A 4-sor basis web is top fully seduced if
all triangles in the 6-vester configuration ase
Oriented counterdockwise .
·
even "big" triangles

i



↳Howgrowthse
e

Some sample

⑳ . .

-
I

⑳

I I . .

I I
⑳ -

3r 2 1

·
I I



sowgrowth sules
. .
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4- ow growth sules-
. . . . . . . . . . . . . . .
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Isip equivalenHowmove isos from two most

1. Square moves : e .g .

* *
* *

*

*
*

·

)
.

m - --

* *
* () *

* *
* *



#owmoves

2. Benzene moves :

* *

* *

* * - * * Actual benzene)
* *

*
*



TheThe tableauwASMcascost 12N34" hasas a

III
Completed in all ways usingg...

Note These are naturally alternating sign matrices !



N
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Plane pastition case
-

The The tableau with lattice rosh 1421j-ccyPTC
has equivalence class (a)

plane partitionsEin the abocdoy



Planepastition case
Ex
I
I
/ I'l -x/
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N / /
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Planepastition case

Ch Ch

I
& S (S ~ x

↳ + ↳ > 77

Y ~
- f



aseswebs

· Chis Fraser introduced a 2-column web basis
.

· We showedTrip=Prom (and " fully rolucod"-no bad
Louble crossings)

· Hence the houglass plabic gaph Framework unites
the Tamari ASM

,
and PP lattices!

I



LateWork

· Understand Prom .
Characterize image Figure out Quality

· General St
,
case

Mostly know how to6 c5
·Strong Knuth equivalence behindgrowth culos
·ASM/PP connections
· Code w/GUI Front-end



Future Work
-

·Affire building gormety and "pockets"
Suggested by Kuposbog based on
[fontaine-Kamritzes-KuperPog]



THANKS!


