
Type B q-Stirling numbers

Joshua P. Swanson
University of Southern California (USC), Los Angeles

Based on joint work with Bruce Sagan (arXiv: 2205.14078)
and Nolan Wallach (arXiv: 2109.03407)

Slides: https://www.jpswanson.org/talks/2023_NDSU_q-Stirlings.pdf

Presented at North Dakota State University
Algebraic and Discrete Math Seminar

October 10th, 2023



Outline
· stilling variations
- Classical type A
- Classical qanalogue

· Type Bq-Stisling numbers

· Enumerative results

· Super coinvariant algeb motivations



review

Type A Type B they Types

Classical Stisling 1730 Zaslavski'81? Zaslavski'81?

q-analogue Calitz'33 S. Wallach'2l
Today

S:Sagan /23+
Gould'6 S

.-Sagan 122
!

Bagno-Gaber'22+

variations on unsigned/signed stilling numbers of the first kind
and undstored/oshosed Stilling numbers of the second kind



PassicalStilling Numbers
Def The Hype A) Stiding numbers of the second kind
ase defined secussively by

S(n ,k) = S(n+ ,k ) + kS(n+, k)

S(0
,k)
= Sok

Ex n=D : ! 00 000 ... (See A008277)
nili I 8 000 ...

n=2 : 01 1000...

n=3 : 8 / 3108
...

=1 +3
. 6=S(5,3)

n=4 : 01 7610
...

n=S : 0 I K IS /
...



PassicalStilling Numbers
De- A (type A) set partition of (n) = E1, 2, ...n3, written P

+ (n)
,

is P- <B, . . ., BuB Ex EE1,33, 25, 63, 22,433
+ [6]

blocks
sit

.
of P

B,U ...UBu = [n] 13/24/56eS([6,3)
BilBj = 0 For itj
Bitd For all i

write in increasing
other, say

· Set S([n]
,
k)= <P+ (n] : P has k blocks



PassicalStilling Numbers
ThmS(nch) = #S((n),k)

Pf Removen : If singleton, let blocks, otherwise le copies
with blocks

The Sinsk) = Un-w)l,2, ...) = 2
1 20 ... Ea

Wit... u nt

PF (n-u(x , -
,
x2) = hnu(x,,-, x2) + xuhn (x,-, xw) with fi

Ex S15,3)= P23
% 122 38+ 1232+ I'2'3+ '2

° 3'+ 1
°2'3'

- 1 + 4 + 9 + 2 + 3 + 6 = 2)



PassicalStilling Numbers
Def A (type A) oshesed set pastition of (n], written PF (n),
is P- (B, ..., Bu) s .t. EB, ..., Bu3t[n].

·Set S' ((n)
,
h) = &PF(n) whole P has he blocks

·The (type A) oshered stisling numbers of the second kind as
5(n ,k) = k ! S(n,k)

= #S%((n)
,
k)

Ex 13/56/24 <S
%(67
,
3) and SCS

,
3) = 3 ! S/5,3) = 6 .25= 158



Massical-Stilling Numbersq
Def The q-integess ase defined by

kt
=[h)= 1q+...+q eHave lim[K]

Def (Carlitz 133; Gould '61)

The (type A) - stiding numbers of the second kindq
ase defined secussively by

S(n ,k) = S(n- ,h] +(k]S(r+, h) = S(n,k3(p- = S(n, h)
S(0,k] = Gok



Massical-Stilling Numbers
/

ty 658 : hel : Eli k=3 : 4=4 : ↳=S :

n=D : I G : · - 0...

nili · I g J · .....

n=2 : · I I g · · ,

n=3 : · I 2+q
( G · ..

2 I ...
n=4 : · 1 3+39+q

3 +29+q2

n=S : · I 4+ by+4q2+q3648q+7q2
+393+qY4+3g+29 +93 1 ...

=(3+39+q2) + (+g+q4)(3+2q+q2) = S(5, 3)



Massical-Stilling Numbers

Theme Single) = Un-u( 1) ,[2], . . ., [ k3) = [ <1)"[ISV
...[b] Un

Wit... u nt

Pf Same !

Thm (Milne '82; Gassia-Remmel'86; Wachs-White '41;...)

These are statistics stat : S([n],h) - (, such that

S[n
,k] = E gstat(P)

PES((n)
,
k)



Massical-Stilling Numbersq

· For instance
,
set

inv (P) =#5(a, Bj) : acB ; for some i<j and a minBj
Then [qin(P) = S[n,k]

PeS((n]
,
h)

Ex 145/27/36 has inv = 5



Massical-Stilling Numbers
Dof The (type A) osdosed -stilling numbers of the second kind ase

The q-factorial is
5'(n ,k)= [k] ! S[n, k] I(k) ! = (k) [h-1) ... (13)

· Encounteroh in Caslitz'33 originally !
· statistics and additional wosh by Steingsimson '01,
Haglund-Rhoades-Shimozono 8, ...

o .g. [gin(P) = S°[nck]
PcS((n), k)



MassicalType B Stilling Numbers
Dof The type B stiding numbers of the second kind
ase defined secussively by

Sp(n ,k) =S(n+ ,k ) + (k+1)5z(n+, k)B

where S(0,k) = Son
B

Ex n=D : 100 000 ... (See A034755)
nili 10000 ...

n=2 : ! Y 1000 ...

= 58+1
.16= [B(5,3)

n=3 : 1 13 9 10
...

n=4 : 1403816 10 ...

n=S : 1121330170 IS ...



MassicalType B Stilling Numbers
De- A type B set partition of -En;n, ...,

+
,
0
,
1
, ...
nt
,
n3
,

writtenPr, is a set pastition of = 3543
,
21,33, 5-2,

0
,23, 243,y

<n such that -1,333
Be P - -B = E-b :beB3 eP

202/7/25,(4, 2)
and BF-B unless OcB .

increasingminimal, say

· Set Spkn>, k)= P+< : P has Ih+) blocks3 Why? Naturally indexes
typo Buhypesplano arrangement
intersection lattice



MassicalType B Stilling Numbers
< 7Thm Splnch) = #S (n ,k)B

Pf Remove In : if singleton, that blocks, otherwise this copies with 2k+blocks

The Splisk) = Un-w)l,3, ...,2k+1)
= & Kozu... ChilWh

Ot ... +JuInte

PF Same !



MassicalType B Stilling Numbers
< 7Def A type B oshesed set pastition of ,

written PFn
nc

is P- (Bo, By, . . ., Bek) s .t. EBo, ..., Bu3tn) st . OeBo and Bei =
-Beit For is

· set 5'kn2
,
h) = SPF>n where P has Iki blocksB

·The type B oshered Stirling numbers of the second kind as
5(n ,k) = 24k ! S,(n,k)B

= #S%((n)
,
k)

B

# [02/4/13, 33(4,2) and $(5,3) = 0 .3!. 10 = 8168



NowType B eStisling Numbers
Def (S -

-Wallach'21; Bagno-Garbes'22+)

The type Bq stiding numbers of the second kind↳

ase defined secussively by
Sp(n ,k) =S(n+ ,h1] +[zk

+ 1 S(r+, h) = Suck) /p- = SpluleB

s (0,k] = Gok
B

Why? Type B super coinvariant algobia Hilbert sosios
data;

lates



NowType B eStisling Numbers
/

ty ↳=G · hel : kzi kb:

n=D : I G : · -

nili I I g J -

n=2 : I z+q
+
2

I g
,

n=3 : 1 3+3q+Hq2+Ig3+g" 3 + Iq+2q2 +9+qY I ..

- (2+q+q + ((+q+q +y+pY) . ) = Sp(3,2)



* New* Type BStillingNumboss

ThmS[nike] = Un-u( 1) ,[3], ..., [2k+13) = 2
(1) (3) ... [2k+1)

Un

B Opt...Junte

Pf Same !

Thm (S:Sagan '22; Bagno-Garbes'22
+)

These are statistics stat : S([n],h) - (, such that

Sp[n,k] = & gstat(P)
<PES(n
,
k)

B



* New* Type B Stilling Numbossqu-
· Ons invossion-style type B set partition statistic is ...

Def (S .-Sagan'22)
For PHcn, set

Cinv(l)= #E(a,Bj) : atB ; for some isj and a min1Bj)
· Then & qinv(P) = S [nck]

.

B
PeS(<n>, h)B

ihas inv= 3



NowType B eStisling Numbers
Dof The type B osdesed -stisling numbers of the second kind use

50(n ,k)= [2k] !! Sp[n, 4)
- [2] "[k]p ! Sp[n,k]

whose they-double factorial is
(n]In2 ... [2] if2 is even

[n] !!= E[n] <n-2] ... [1] iFu is add
I if n=0 or n= - 1

inv(P)
= S·[nck] ! We have a maj version too .· In fact Eq B

Pes3(n>, k)



"numerativeResults

Thm (Classical) y = S(n
,
k)x(x1) ... (x- 4 +1)

4-8

(Balas
, Bagno-Biagioli-Gabber 14)

-Sp(n, k)(x-1)(x-3) ... (x-24
(S. Sagan '22) M

w=2SB(n,k](x
- 213)(x-233) ... (x- [24-1)



"numerativeResults
y

The (Classical) [Sknik) & =T2x): (l-kx)
n=0

(Bagno-Gabber '227) k

SB(n,k)* 3: (- (24+)

(S. Sagan '22) he

Split])... (- [24+13-)



"numerativeResults

The (Classical) [ S°Cnik) = (e=
n=0

(See S
: Sagan '22)

ES :Enik], t= Wi [i] exppli e
no

,

-whose (i) =
Ent

23 ! Enthi !
and expele)=So!

· Profuses q-differential equations, Dyf(x)= *
-
-

q7



"numerativeResults

Thm(? ) S(nik) =ele e

IS
. Sagan '22)

2 + 1ES :Enik], t -& US []expei enee

· Have additional generating function identities and
first kind versions

,
o .g.

<Cu
,k] yk = oxPyEylogg e



Enumerative Results
-

The (Conjectured in S
.

Wallach 21
, proved in S

.-Sagan ' 22)

CanegoInti e
and &(p)

**

So In,k] = 1

k=0

· Algebraic and combinatorial proofs
· Conjectured description of &(2)

ne go Inch] -1 and mose



Loinvariant Algebs
The (Newton) Q

,-,xn
]
Sh
= Q20
,-,
en] whole e-Exi"Yink

and ox)= 46(i) Kindre

elementary symmetric
Thm (Hilbesl <RE,_,T,=< , -,On polynomial

Dof The coinvariant algebra ofIn is

Ru= Q2x, -,yn)
Ten



Loinvariant Algebs
singular cohomology

Thm (Bosel) RnE(
*(F(n) Thm (Chevalley) RnEQSn

complete Flag manifold
=> dimRa= n !

Thm (Astin) Exc...on : 03x ,< 13 descends to a basis for Rn

Cos Hilb(Ruig)=Ehim(Redd pa = 1. (1+g) /+g+g) .... (+p+... +qu e
-

Inje

Cn]g!



posCoinvariant Algebras
· Superspace is Q,-, in, O,-, On] where 8:8j-0j8; anti-commute

Sym(x,-, 2)1/0,-,On) land xibj=Ojxi, xxj+jxi)
· Su acts diagonally : o(xi) =1wi), o (fi) =Puli)



posCoinvariant Algebras
Dof The super coinvariant algoba of Su is

SRn= &En ,En]/Q[en
,
On3>

Conj (Zabsocki 19) Hill(SRn; 9, z)=& S Inch] it
e

The (Rhoades-Wilson '23t) Hilbert series is true
!



posCoinvariant Algebras
·Can Lofine SRE for any pseudo

reflection group
6
.

Conj (Wallach-S. '21)
Hill(SRB2;9, z)=E Sizdn ,hi e

e

·Alternating sum identities asise from ...

Thm (Wallach-S.) Hilb(SR-; 2,g)= 1

· Have Hilb (SRe;q, qui)-1 = X(SRe,di) for "gonogalizedetosises



posCoinvariant Algebras
· Conjectured "Astin"-style basis in typos A and B

naturally motivates inv on PH (n) and PF< n>!





THANKS!


