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Outline
-

I super coinvasiantalgebras of complex seflection goups

# Semiinvasiants, legsee bounds, and operators conjectuses

#2exetes-like complexes



invasiantAlgebsas
· Supesspace is Qxy-,n,Ay-, On] whose 8,8j-0j8; anticomente

Symla,-,xn)1181,-,On3 land xijji, Xijjil
· S. acts diagonally:alxi)=wi), ol8i)=Oui)

·think of 8variables as differential forms 8,dxi,

8,jdindj



invasiantAlgebsas
· The exterios desivative is

d=E0,, dx,End(Q2En,ds])
Thm (Solomon)

Len,den],=de,,, en,de,-,den



invasiantAlgebsas
Def The supes coinvariantalgebra of S. is

SRn =k2xnn] /cQ[-/n,EnD.

Thm Konjectured by Zabsocki' and fields trup;
proved by Wilson-Rhoades 123+)

Hilb(SRn;q,z)=k3!S[n,k]E
q-Stislings of the second kind



⑱Reflection Groups
Dot A complexseflection group is a finite subggrup
of ELIK4 generated by pseudoseflections y St.
codim(fix(y))=1 and Im st.gist.
Thm (Stephask-Todd (54)
The isseducible complex seflection groups fall
into one infinite familyplus 34 exceptional groups.



⑱Reflection Groups
ExSn=posmutation matsices (n=1)

Br=signet posmutation matsices
Dr not posmutation matsices with evenly many t'ssig
f(m,1,n) -pseudopesmutation matsices with (m?1)

non-zeso entries JeD sit. 3=

6(m,p,n) =index p subgroup of Elm, l,n) (p(m)S. (π5i)Y= 1

Note Sn= fll,I,n) B6(2,1,n) Dr=6(2,2,n)



⑭Coinvasiant Algebras
Def The supes coinvariantalgebra of t is

SR==D(xnn]/([-/nEnbI.
natural 6-action

on SymIKY** **((44) bi-grandet

&What is the ligated issolucible decomposition
of SRo?



nessWorks!
The Wallach-S.'21

The exterios desivative complex of SRE,
d

0 K SRO
"
SRId... SREO6 I

is exact. =The Ordegseet

Cos Hilb(SRjgie)=[ta)Hilb(SK,;q) =1
k=0



sinvasiants

⑰Let X:6+1 be a l-himensional character of t
The X-semi-invasiants of a 6-module Vase

v=[veV:gr =X(g)v3.
Ex.X(g)=1, ygetseconess the E-invasiants Vo

·Not=sqn(r) in type A with V=D2In3
secness the alternating polynomials

·X(g)=detpg) us X(g)=detpelg)"fus fixedj



Somiinnsiantandesmendian Axtin
123

4
=(2x30x.

· Let D==Waetler. We have Wx1s.

im Wallach-S.'21 Suppose (KY*=0.
Then Hilb(SR;g,2) - qazxge)
· Comes with an explicit basis builtfrom Do"top-down"
· Holds in more generality than stated here.



⑳Bounds
The Wallach-S.'23+ for Elm, I,n),

-Rick 40 (i +k+m() <m(2) +(m-1)n
G(m,),n)

-degsee i
O-degseek

The Wallach-S.'23+ fos G(m, p, n) with pymospot,

iSR"m,p,n)Y8(021-m(z)+( - 1)
· Conjectured to hold for all whose RIS is degWo



*Operatos Conjecture
·These is a natural notion of E-supes harmonics SH,
These ase canonical cost sepresentatives of SR..
See Wallach-S.'21 for details.

· The Ste axepsesewedby pastial desiratives and
generalizeextesies Gesivatives a ..,de whose
di lowess,degsee by es and saises O-degseeby I.



*Operatos Conjecture
Conj (Wallach-S.'234) Lot 6 =f(m,,n).
Then

SH-Span],di;dinW: fek[n], Ii ...(in?]
Note. Proven fos G=Sn by Wilson-Rhoades'23+

· Proof technique likely roses in general.
· Isue fussante Z seffection groups and Hs.
· fails for , Du, Ds, and all Elm,p,n) asike fam

Elm, 1,n) (r) maybe Du, n=6)



#Complexes
Conj (fields Group)

fosgetting the y-grading,
SRn=the type A lovetes complex
up to a small twist

as Snmodules.

· Recall that every seflection gsrup
6 has a covetes

complex.



#Complexes
①True for all such 6?

A.Sadly, no. Fails for lat least) fu
·Conjected to hold for An, Ba, possibly In

Note see Sagan-s. For combinatusics inspired by this
conjecture: type By-Stislings and beyond



⑳Loretes Complexes
· Coxetes complexes ase generalizedby the
Milnos files complexof a Shephast group.
· Coxetes complexes aso topologically spheres,
and Milnos files complexes ase wedges of sphoses.
· However, Hilb(sRjg;e)- I suggests any complex
associated to t is a sphose, even for Elm, 1,n)!



⑳Loretes Complexes
· Auglant-Rondes-Shimozono 18 introduced
generalizecoinvariant algebras Rush, which conjecturalby
cssespond to SR- They ase provablygoverned by
the combinatosics of the lexetes complex.
· Chan-Rhoades'intsstucek
-(m,),n)- generalized crinvasiant al ebsas Rin. They aseI

parably governet by solated combinatosics.



⑳Loretes Complexes
· In Sagan-S., we let
Sc(m,n,k]=[k][2h]...[mh]hn-n(21], [m+1], . . .,[km+1).

·We show

and Hilb(R2;g)=sevn(Sc2m,n,h])
Stamynks,(m,n,h3=(m-1]" (m>l).

·This is consistentwith a wedge ofmt sphoses.



↳

Coxetes Complexesgy
· In Sagan-S., we also let
jo(m,n,k] =[k][2k]... (mh]hn-w((m-1], [2m-1], . . .,[(k+1m-13).

·We conjecture
Hilb/SRYnn;2)=5m,n,k]

andwe show, tomit,

Startem,n,h)-
·This is consistentwith a topological sphese.



⑳Loretes Complexes
·This suggests a bifuscation, even for Elm, I,n):

Super coinvosiants Generalized coinvansiants I

Supes Elm),n)- Chan-Rhoades s

octeseksetpastition ostest set pastition &
e
-Simplicial spheres wedges of spheres get

Cyetes/Milnos fiberlongoing sesensch!) 10Xs
8

comp



Sossy I couldn'tbe in Georgia!


