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• Stirling variations
- Classical type A
- Classical g-analogue

• Type B g-Stirling numbers

• Enumerative results

• Super coinvariant algebra motivations



Overview

Type A Type B ther types

classical Stirling 1730 Zaslavslei '81? Zaslavski '81?

g-analogue capita 133 S. -Wallach 'd 5-Sagan
'22-1

Gould ' 61 5
.

-Sagan
122%9!

Bagno-Garber
' 22-1

Variations onunsigno.tn/signedStidingnumbersoFtheFirsl- kind
andunordes.tn/orderedStidingnumbersoFthesecondkind



Classicizing
Def The Hype A) Stirling numbers of the second kind
are defined recursively by

slnik-sln-fk-D-ksln.tk)

510,4=8ok

Ex n=0 : I 00 000 . .
.

(see A008277)
nsl : 0 I 0 000

. - '

n=2 : g I I 000
'
"

A-3 : 0 I 3 1 00
"
'

O l 76 I 0 . .
-
=
7+3.6=515,3)

n=4 :

nss : 0 I 1525101
. ' '



Classicizing
Def A Hype A) set partition oF[n]={1,3 ..in?writtenPtln3,
is p={ By . ,Bu} Ex { {1,334,6%23}+16]

blocks
OFPs't'

B.vi.UBU :[n] 13/2/56651167,3)
BinBj=¢Fori$j write in increasingBioforalli order

, say

• Set sun}k)={PtLn] :P hash blocks}



Classifiers
Thm SG,h)=#SKn3k)

PF Remover : if singleton, let blocks, otherwise kcopiesuithk
blocks

Thm Sln,k)= hn.ie/b2,...h)=EM2H--k
"

ftp.ityu-n-h

PF hn.ie/xi,-,xu)--hn-ulxi,-,xu-D-xuhn-u.ilxy-,xu)withxi=i
Ex 515,31=122037102237102032+11213411203410213

'

= I + 4 1- 9 + 2 + 3 + 6 = 25



Classicizing
Def A Hype A) ordered set partition of In], written Ptcn],
is F- LB, . . ., 13h) sit. {By . ., Bu} 1- In] .

• Set Soan]
,
b) = { Pt-[n] where P has k blocks }

-the Hype A) ordered Stirling numbers of the second kind are
syn ,h)=k ! Slmk)

= #Pkn]
,
b)

Ex 13/561265%67,3) and 545,37=3 ! 515,37=6.25--150



Classifiers
Def The

g- integers are defined by
A)= kqa.to/h-1=Y1gh-

Have ¥1,1k]=k .

Def (Carl itz '33; Gould
' 611

The Hype A) g- Stirling numbers of the second kind
are defined recursively by

she] = SKI , b-I] +④Shhh] ⇒ said /
g.,
= 51mA

SAD = Sole



Classifiers
Ex

n,y.

6=0 : bet : h=2: 4=3 : 6=4 : 4=5 :

I 0 O O O O
. .
-

nsl : 0 I 0 O O O . - .

n=2 : g l l 0 O O '
"

A-3 : 0 I z.iq I 0 0 "
'

n=4 : 0 I 3+39+22 3-129-192 I 0 "
-

0 14+691-492-193 648g-17943g
'-1944+39+292+93 I . . .

nss :

54+39+921+11-19+9413+29+97=515,3]



Classify
Thin Sink] = hn-ul[17,123,,(D) = { (1)

"
I]" . .-1k] "

ftp.
- - +
jusn

-h

PF Same !

Thm (Milne
' 82; Garsia

-Remmel 186; Wachs-White
' 91; . . .)

There are statistics stat:SKnw → 72=0 such that

kn
,
h] = { qstatlp
PESCH
,
b)



Classifiers
- For instance

,
set

invlp)=#{ la, Bj) :aEBi for some Kj and a
>minBj}

Then { qi"""=S[mk]
Peskin}h)

Ex 145/27/36 has invss



Classifiers
Def The Hype A) ordered g-Stirling numbers of the second kind are

the g- Factorial is54,4=[631.51%6] (as != CHILD . -- [D)
• Encountered in Garlitz

'33 originally !
• Statistics and additional work by Steingrimson

' 01
,

Haglund-Rhoades-Shimozono
' 18
,
.
. .

e.g. { qi
"""

= 5% , he]
PeSTINT, b)



Classifying
Def The type B Stirling numbers of the second kind
are defined recursively by

5,1N,k)=ffn-1,6-1) -112kt1)Spfn-1,6)
where 5,10,D-Son

Kee A039755)Ex n=O : I 0 O O O O
. .
-

nsl : I 1 O O O O . - -

n=2 : I 4 I 0 00 '
"

=
581-716=51315,3)

A-3 : I 13 9 1 00
"
'

n=4 : I 405816 I 0 . .
-

nss : 1121330170251 . . .



Classifying
Def A type B set partition of < n> = {

-ninth. - ,-10,1 , . . -in-In },

written Pten>, is a set partition of Ex { {43
,
{ 1,-33,1-30,23, {-43,

in> such that {-1,333
Be P ⇒ -D= {-b :b c-B} c-P

2021 1¥ c-¥43B
and 13=1-13 unless 043 .

increasing minima, say,after negative pair

• Set 5,4ns, b)= {Pten>:P has zhtl blocks} Why? Naturally indexes
type Bn hyperplane arrangement
intersection lattice



Classifying
Thm Spfn,D= # SBKNJK)

PF Remove ±n : if singleton, 26-1 blocks, otherwise 24+1 copies with 26+1blocks

Thm Spfn ,b) = hn.ie/b3,...,2h-D=
{ 1%3" " 12hAM

got .
- - +
push

-k

PF Same !



Classifying
Def A type B ordered set partition of an>, written Pkn>,
is F- ( Bo, By. . ., Bzh) sit. { Bo, . ., Bu} ten> sit . Otto and Bz;

= -Bz;-, For i
> I

• Set SIKni b) = {Plan> where P has 26×1 blocks }

-The type B ordered Stirling numbers of the second kind are

5,1mW = ik ! Slmk)B

= # S;Kn],b)

Ex 2021¥ / f? c- Spiky>,2) and 5%5,37=8.3 ! . 170=8160



twtypqtiingmbs
Def ( S .-Wallach '21; Bagno-Garber

'22-1)

The type B g- Stirling numbers of the second kind
are defined recursively by

spin ,h]=§[n-1,6-1] -112kt ¥1k] ⇒ Sink] /g., =%mk
)

☒D= 80k

Why? Type B super coinvariant algebra Hilbert series
data;

later



*TypeBqHiigm
Ex 6=0 : hsl : h=2: 4=3 :

n=0 : I 0 0 0
. .
-

nsl : I 1 O o . - .

n=2 : I 2×9×92 I 0 ÷
.

A-3 : I 3+39+494293+9" 3+22+24 -194g" I

=/2-iq.iq) -111+9+92+93141.1=5,313,2]



t-wtypq-tiingmbsthmlmk-hn.ie/CD,G3,...,C2ki-D) = {G)
" [3]" . .-12kt] "

B 8¥
- - think

PF Same !

Thin ( S .-Sagan
'22; Bagno-Garber

'22-1)

there are statistics stat : Sanh) → 72=0 such that

Hn,63 = { qstatlp
PES
,
km
,
b)



*TypeBqHiigm
• Our inversion-style type Bset partition statistic is . . .

Def ls .-Sagan '2D
For Pten>, set

invlp)= # { la,Bj):aEB ,- for some Kj and a?-minBjl }

• Then Eqi"""=S[mk]
.

Pespfsn>,h)
B

É✗z02/¥/¥=3



*TypeBqftiigm
Def the type Bordered g-Stirling numbers of the second kind are

5%4,4=1263 ! !Spfn,k]
=[z]h[lip!Sp[n,k]

where the g-
double factorial is

[n]# {
4%-27-123 ifn>2 is even

[n][n-21 .-11] ifn> 1 is odd
1 if n=Oorn←l

• In fact
,
Cgi"

""
:S,%n,k] ! We have amaj version too .

pc.SI/anjk)



Enumerative
Thm (classical) in = Fsln,h) ✗ 1×-11 . .-1×-6+11

hso

1Balak
, Bagno

- Biagini-Garber
' 19)

n

F- ( spin, b) 1×-111×-3)
.-1×-26+1)

4=0

IS.-Sagan
'22)

n

✗
"
= { Splenic] (x- [D) (x-[331--6-[26-1]]
too



Enumerative
✗
h

Thm (classical) ( skite) ✗"
(

www..lt#n30lBagno-Garber '24
✗
k

5131mW µ×)(t3×2k)

IS.-Sagan
'22)

✗
"

£05,14k]Ñ=(taw1tG]×k



Enumerative
Thm (classical) ( stink = IE-H

n30

IS
.

-Sagan
'22)

ESTnie]¥eÉ,¥¥ [ hi] expand
n30

where [I ]=&¥g☐ !
and expqlx)=£ i.

• Proofuses g-differential equations, Dqflx)=FH¥¥g



Enumerative
Thm (? ) ( sink = Ele"- 17h

nzo
B

IS
.

-Sagan
'22)

E.sink]¥iiÉg¥¥,[ hi]¥piai+H3

• Have additional generating function identities and
first kind versions

, e.g . nfe.occnieY-y.yh-expqfybgqll.is]



Enumerative
Thm (conjectured in S

.

-Wallach 121
, proved in 5

.

-Sagan
'22)

É 1-g)
"h stink] =L

6=0

and ftp.Y-hsg.cn,63=1
too

• Algebraic and combinatorial proofs
• Conjectured description of ftp.yn-hstnie] -1 and more6--0



Coinianttgbs
Thm (Newton) QQ

,-in]
"
= QQ

,
-

,
en] where e;= { ✗ii. ✗in

and 01×7=81;) K.ir .- -< iusn

elementary symmetric
polynomialThm 1Hilbert) <QQ

,
-in]!"> = <e., -, en>

Def The coinvariant algebra of Sn is
Rn=QC%-,✗n7_

ce
, , yen

>



Coining
singular cohomology

thin 113%1114=41-4%1 Thmllheralley)RrEQSn
complete flag manifold

⇒ dimRn=n !

Thin /Artin){✗in . - ✗In :0s✗i< i } descends to a basis for Rn

lot Hilblriq-f.odimlkd-qd-HI-qlkq-qt-lkqn.iq
")

in
iii.



sup-GiE-AG-supetspao.is/QCx,-,xn,Q,-,0-n] where ⑦Oj: -Ppi anti-commute

Symlxi,-pm) MQ,-Fn) (and ✗iOj=0j×i, xixjxjxi)

• Sn acts diagonally : ok ;) on, 010;) --Odi)



Superfine
Def The super coinvariant algebra of Sn is

512ns ☒In , In]KQEn
,
En]! >

Gnj Kabadi 49) Hilborn;q, f)=I 5GHz
"

too



sup-GiE-AG.comdefine SRG for any pseudo
reflection group

G.

Conj (Wallach-5. ' 21)
HillsBRB;qzt-fsjcniiz.tkheo

•Alternating sum identities arise from . . .

Thin (Wallach-5.) HilblsRe;q,
-g)= I

• Have Hills IsRe;q,
-get)-1=111514,d;) For

"

generalized exteriorderivatives " di



Superfine
• Conjectured "Artin

"
-style basis in types A and B

naturally motivates inv on Pkn] and Pkn> !





THANKS!


