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I. HIGHER COINVARIANT

ALGEBRAS



Jiving
Thm (Newton) QQ

,-,xn7ʰ = QQ,-,en] where a.= { ✗ii. ✗in
and 01×7=1%1;) kik .- -< iusn

elementary symmetric
polynomialthin /Hilbert) <QQ

,
-in]!"> = <e., -, en>

Def the coinvariant algebra of Sn is
Rn= QQ,-in]

(e)
,
-

, en
>



Jiving
singular cohomology

thin /Borel) REHM thmllheralley)Rn=7QSn
complete flag manifold

⇒ dimRn=n !

Thin /Artin) {xp . - xndn :O ≤✗ i< i } descends to a basis for Rn

la Hills/Rn;q)=§,dimlRn)d-qᵈ=HkqHHq+q4 . _ . /Hoyt . . . -1g
")

¥
In]q!



D-iagninrint.gs
Def (Garsia-Hainan '90 's)

the diagonal coinvariant algebra of Sn is
DRn=QÉ

<Q[±nifn¥ >
where Sn acts diagonally :

ok ;) =✗oli, only ;) =yoli)



D-iagninrint.gs

• Hainan related DRN to is◦spectral Hilbert schemes
and Macdonald polynomials . Proved n! conjecture
and Macdonald positivity conjecture.



D-iagnirint.gs
Thin /Hainan 82)

I dimDRn=(n -11 )
"'

2 Hilburn;qt)
,#
= HimDRI

"
)jt
"

,# =qᵈ%n+Dj
'

3 Gsfrob/DRnjqt-C.mn/t.oFstinDR?t.sig4-b-- Pen
a)bi

Schur function



D-iagnirint.gs
Conj (Haglund-Hainan- look- Rommel-Ulyanov '05)
shuffle conjecture : Pen= GgdimlmtaseaCBPPC.LK

monomial expansion
of Grfrob(Dkn)

thin Karlsson-MeHitt
'D)

The shuffle conjecture is true !



Delta-v
conj 1Haglund-Rommel-Wilson

' 18)

Delta conjecture : for 0 ≤ ksn-1,
☐ftp.i-p?gpnqdimlP'tNedB1Tl1-4tailPDxP ,,, %%¥n")i. ai IP)>ai. , IP)

Thm (D'Addario-Mellitt '22;
Blasiak-Haiman-Morse-Pun- Seelinger

'
22-1)

the Delta conjecture is true !



Delta-v

Q What is the geometry behind the Delta conjecture?
Is there an underlying

"

higher coinvariant algebra
"

?



Generalizing
Def (Haglund-Rhoades-Shimozono ' 18)
the generalized coinvariant algebra is
Rn ,k= ①[In]/< ✗ ↑, . . .,×! ,enl¥n), en-KID, . . -, en-killIn)?

fairly ad-hoc?



Generalizing
Thm(Haglund-Rhoades-Shimozono ' 18)

lltilblkniiqtrevgllk] !Stir[n,k])

26-rfroblkniyg-revjwlbq.in/t=o)Thm(Rhoades-Pawlowski ' / 9) Great!

Though
There are varieties ✗nie such that 1--0

. . .

Rnii-HHK.ie)



II. SUPER COINVARIANT

ALGEBRAS



Superficial
Def Zabsodei ' 19
The super diagonal coinvariants are natural!

SDRn=④ [In,yn,En] <QEmy-n.E.IE>

where kiyj-xjy.is/iO-j=0-jxi,yi0j=0-jyi, and ⊖i⑦j=-⊖j% .
anti-commute



Superficial
conj 2-abrodei ' 19

Grfrob ISDRnjqt.tl =
"ÉzkDenialen)
4-0

• That is
,
SDRn is the higher coinvariant algebra

associated to the Delta conjecture.
• Full case is clearly very hard ! We Focus on F-0 from now on.



Superficial
- Superspace is QQ,-, xn, Q,> On] where !%- 0jOi anti-commute

Symlxi,-in MQ
,
-in) (and ✗i0j=0j✗i, ✗ixjsxjxi)

• Sn acts diagonally : ok ;) sxoii, 010,7=0%1,7

•Think of ⊖ variables as differential Forms F-dxi ,
①iojdxiidxj



Superficial
• The exterior derivative nis

D= §
,
% dx ; c- End(Q[±n,d±n])

Thm (Solomon)
<④[In, din] > = <e.

,
-

,
en
,
de
,,
-

,
den>



Superfinal
Def The super coinvariant algebra of Sn is

spin = ④[In,En]/<①[In
,%]!"> .

Conj /Zablocki ' 191
Hilborn; g.E)

=£1k] ! S[n, he] E-
k

ks I



Supergiants

Q What has been proven about Skn?



Superficial
Thin Wallach-5

.

'21

The exterior derivative complex
0 Q SRI

ᵈ
spin

d-
i. -

d
SRE

'
o

=Rn 8-degree 1is exact.
n

Gr Hilborn;q,-g)=tqFʰHi1b /SRY;g) = I
• In fact

,
holds for any complex reflection group G- !



Superficial
Thm Wallach-5

.

'
22-1

SR
'

≠0 ⇔ i -11¥) ≤ (3)
✗-degree i
8-degree K

• Agrees with Zatoichi 's conjecture !
• Generalization For G-Elm, tn)
• Total degree version for E-Elm,pin) if p≠m
• Super operator conjecture and special cases



Superficial
• the generalized exterior derivatives are the operators

M
.

Thin /Wallach-s. iz ,]
ᵈi¥¥ (did)

Vandermark

SR?
"

= Span{dii.dii.hn : Kii . -< in≤n-1} Also have

(or HibsRP? g)=# lqitz) general 6-
in version

• Agrees withZabrocki 's conjecture !



Superficial
• Consider the generalized exterior derivative complex

0 Q SRI disk'nᵈ÷ᵈiSRi" 0
.

Typically not exact.
•The graded Euler characteristic is

XIHISRÉ,d;);q)=Hi1bls%;qgH) -1 .
Problem Is there a topological or geometric
interpretation of XIHISRÉ;D;);q)?



Superficial
• Multiple groups have tried to show

Iraci- Rhoades-
Romero ' 22-1 solved

dimsknik-kl.sn
,
H
,
the

"

Fermionic
"

diagonalbut without much success so far. Coinvariants version

Kelvin Chan has a proposed harmonic basis
Toronto group and, independently, Sagan - 5. have
the same proposed monomial basis

-I have work towards an upper bound based on
a
"

succint" modified Hall-Littlewood expression



Superficial
Thm (5. '227 Let I= { if " - < ik} In-1] . Then

& G)Genie.ae/n.jjdj,...jadn=O
"

generic
" Tanisaki

witness relations

where the sum is over all subsets F- {ji
.-- <ja}In-1] where

I ≤ ii-jiii-jii-siii-ji.cn
and

D=Cj ,- in + . - - + (join .



Superficial
• Also have "most extreme

"

relations with coefficients

G)%(ju.si, . .;ja)(%

Appear to be positive up to tDᵈ !

Q what are all the Tanisaki witness relations?
What is a combinatorial For their coefficients?
Is there a geometric/algebraic/topological interpretation?



Glmbnl -STIRLING NUMBERS



Overview
Variations onunsig.net/signedstidingnumbecsoFtheFirstkinL

and unordered/ordered Stirling numbers of the second kind :

Type A Type B ther Groups

Classical Stirling 1730 Zaslavski '81? Zaslavski '81?

g-analogue Carlitz '33 S. -Wallach 'd Toby, Sagan -5.122-1-1
Gould ' 61 Sagan-5.122-1

Bagno-Garber
' 22-1



Classicist's
Recall The Hype A) Stirling numbers of the second kind
count set partitions of [n] with k blocks .

{ { 1,3} {5,6%2}} 13/2/56
write in increasing
order ofminima

, say

Lem slmkt-hn.nl/i4...,k)



Classicizing
Defthety.pe/tn-ihypesplanearangementis

{xi=×j:1≤i<j≤n}cR?
' the corresponding intersection /atticeisencodedby
set partitions under Crevasse) refinement :

{xixs}n{ ×,=✗y} {{43,43,{23} 134/2

•Notethatcodimlltnk



Classifying

Defthety.pe/3nhyporplanoarrangemontislxi--t-xj:k-Kjsn}U{x;=O:/≤ isn}cIR?
• Intersection /atticeencodedbytypeBr.se/-partitions:
{xp-×,}n{xi-x.in/xs=03n1q=o3se1- partition of

{{ 1,743,213,4-3,2%6,6-3,
"" {%.it?k.,n3s.t.BeP=-BePand

55056113¥ / É {23,12-3} 13=-13 043

increasing minima, say,
-ero block

after negative pair



Intoning
Def The Full monomial group is

Glm
,
I,n7 = { run pseudopermutation matriceswith non-zero entries go.ci sit. 5%1 }

• 612,1,n)=Bn= signed permutations
• Ktm

, 1m71 =min !
• Acts on superspace

: [ 51.x, ✗F- bÉa%,
Glen

,
In]

•Natural corresponding super coinvariants SRmn= <%
,£3,9m">



G-lm.in#ingNumbs
Def The Glmbn) hyperplane arrangement is

{ xi-fxj.k.iq?n,9m--BV1xi--0:k-isn3cIRn
• Intersection lattice encodedby 61min-setpartitions:set partition of [nm]=/ 0} U { ic Ii c-[n]

,
Osim}

S.t. Bep⇒ B-"EP and 13=13" ⇒ 043 .

1032 2°

EX 0404142 ¥}? ¥-04
132 2°



☒ COXETER-LIKE COMPLEXES



typ-A.to
• Partition Minto Forces :

j≤n{×i=✗j} or {✗pxj}or{xisxj} .
• Intersect with 5-

'

togeta simplicial complex
Eland

,
the Coxeter complex of type Ana .

• Faces correspond to ordered set partitions :
{xixz}n{xF✗z3A{xpxy} *H=xz<×} Hence ordered Hidings :

n{✗dts}n{xi✗y3A{✗sky} 14/12/31 5%,k)=k!5ln,k)



H-igheinin-E-i.gs
Def (Carl itt '33; Gould

' 611

The Hype A) ordered g- Stirling numbers of the
second kind

5° [n,k]= [k] ! hn-kcf.IT, [23, . ., [KD.

Thin /Haglund-Rhoades-Shimozono
'I 8)

Hitban
,
u;g) = revelsIn,k]).



H-igheinin-E-i.gs
Def IS.-Wallach '21; see Sagan-5.

'22 )

The type Bn ordered g- Stirling numbers of the
second kind

sj[n,k]=[2) (4) . . - [24hm,/[13,67, the-113) .

Def Khan-Rhoades '201
The Glmtn)- generalized coinvariant algebra is
Rimi = ¢[In] <xp"! ",✗

'

n'%enlx-iten.HR
,
. .

,
en-kaki)?



H-igheinin-E-i.gs

Thm (Chan-Rhoades '20 +Sagan-5.
'22+1

HitblR¥i, g)= revqlspicnic])



Higher-ranking
Thin Is .-Wallach

'4) For any complex reflection group
6
,

{top
"" HilblSR! ; g)= 1

.

Lem since Eland and ElBn) are spheres,
HM51mW= 1 and { 1-1543%4--1 .

•Consistentwith conjectures HilblsRite; g)=5[nie]
(see Sagan- 5.

'
22

.
) Hilb ISRin ;%= 55[nie] !



Higher-ranking
Def A than-Rhoades Elm, I,n)-ordered setpartition
is an ordered set partition (B, B,, . . .) of {0}Un]
where 0 c-Bo and elements in Bi for i ≠ 0 have colors
0≤am

.

Ex 04 1032 2
'

Def A Chan-Rhoades Elm, tn)-ordered g-Stirling number
is

sipfmm,
k] = [k][2k] . :[mk]hn.nl 11]

,
[m-111
, . .

.

,
[km+D)



H-igheinin-E-i.gs
Thm (Chan-Rhoades '20 + Sagan-5.

'22+7

HilblRiki, g)= revoke:[m, nie]) .
Thm (Sagan-5.

'22++1 Form> 1
,

{ tqm-yn-ksgzlmmiel.tn- I] ?
Note At g- 1, RHS≠ I except For m=2 .
Hence generalized and super coinvariants diverge
for m>2 !



Minfibmp
Thin/Def 1Odile '901 Let G- be a Shephardgroup.
Let F be a homogeneous degree r polynomial
G- invariant for el minimal .
There is a simplicial complex CCG) in the Milnor
Fiber F- 'LD

,
called the Milnor Fiber complex.

• Generalizes Coxeter complex for G- real.
Lem /Milnor) 81G) is a wedge ofspheres.



Hi-Fi
• Gives a topological proof of

{ tqm-D)
""

{:[mm,k]= [m- l ]
" at

g- 1

by taking the reduced Euler characteristic !
Problem Relate 12%1 to 81km1, nD through
some explicit topology geometry algebra .



sup-coinintsnddti.gs
Def A super 61m, I,n)-ordered setpartition
is an ordered set partition (B, B,, . . .) of {0}Un]
where 0 c-Do

,
elements in Bi for i ≠ 0 have colors 0≤am

,

and non-zero elements in Bo have colors I≤am
.

Ex 04
'

1032 2
'

Def A super 61min)-ordered g-Stirling number is
5° [mink] = [k][2k] . . - [mk]hnallm-D.am-D, . . .,[AM-D)



sup-coinaintsnddti.gs
Conj (Sagan-5.122++7

Hills /sRⁿʰ
Hm,bn) ;2)=É°(mink]

Thin /Wallach-5.121

Hilblsko.gg?)=&l-qY-hHilbCSRjYq)=lThml5agan-5. '22-1-11 Form> 1
,

• Consistent with

ftp.n-hskmmie7-1 conjecture !



Superficial
• In ongoing workwith Sagan, we use [Bjérner

-Ziegler
'92]

to construct simplicial spheres £161m, I,nD which
give a topological proof of

{ 1-g)
"" 5° [mm, he]= 1 at g- 1 .

Problem Relate SRo.cm
,µ,
to Élflm

,
I,nD through

some explicit topology geometry algebra .



THANKS!


