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• Combinatorial representation theory background
• Higher coinvariant algebras
• Hilbert series identities

• Tanisaki witness relations



finings
Thm (Newton) QQ

,-,xn7£=QG,-,en] whose g.= { ✗ii. ✗in
K.ir .- -<iusn

Thin /Hilbert) <QQ
,
-in]!"> = <e., -, en> elementary symmetric

polynomialDef The coinvariant algebra is

Rn=QC%-,✗n]_
singular cohomology 9) yen

>

Ex (Boot) Rn⇐ 11-4%1 Ex Khera/by) REQSn

complete flag manifold
⇒dimRin !



lombintikepsenttinhoy
The irreducible d-representations of a finite group G
are equinumerous with the conjugacy classes.
Miracle For 5

,
these is a canonical bijection !

cycle type ti-n I→ Specht module S
"
c-e-RepIsn)

Thmllnsztig-Stanley
multiplicity of St in = #

standard Young tableaux

deg . i component of Rn OFshape t and major index i



lombintiprsenttinhoy
Def the Frobenius characteristic is given by

Fab (8) = s,
Schur function

Ex t.us#ig- Stanley says
Grfroblrn; g) = {< kni.si > qis,

Itn

= { qmajltsshlt
TENTH



Diagonal's
Def Garsia-Hainan) The diagonal coinrariant algebra is

DRn=Q[⇐nifn] ✗it'd;)

'QQ.n.EE > (yitsyoc;) )
Thmlltaiman)GFsob(DRn;qt)=Hen

amodifiedtlachonaldeigenoperator
• Very hard! Proofusesltilbertschemeofn points

into



Supetigoninints
Def Zabsodeithesupordiagonalcoinrariantalgebrais

✗iH✗oLi)
sDRn=Q[±nifn# (gingold)(QQ.n.fr, ¥ ? A- too;)

where 8,85--9-9.

Gnjk-abrockiIGFroblSDRniq.kz/=Iz.k-Y-ei.nentest

- Probably super hard! Deltaconjectnrcof Haglund-Remmel-Wilson



Differentiations
Def It specialization) The super coinvariant algebra is

sRn=Q[±n (think 4.=d✗;)
4Q[±n

,
051¥

Conj A--0, g.↳ dims
"
specialization)
n
-I

Hilblskn;qz)= { In-63g! Stiqln,n-b) the
hso

g-counts ordered setpartitions of
Cn] with n-k blocks



Differentiates
Thm (Wallach-5.) (1--0,1--11^1)

HilblsRiot;qz)=Ñ6+;)
is 1

Basis: {dii-d.ie On : Hiii- - sina.nl}

where di;É¥j0; is a generalized exterior derivative
0ns IT lxj-xD is the Vandermark determinant
Kicjsn



t-shirts
Thm Generalizes uniformly to all pseudo-reflection groups 6-

:

HillisR%t;qz)=TÑ%+qe:)
is 1

co
-exponents of 6-

• Includes Weyl groups : type A, BK, D
Shephard-Todd groups

: Glm,bn) = Cmv Sn

61m
,pm)



E-xtiif-ent.tn
hm Wallach-5.) Let 512%-0-degree K component. Then

0→ K→ ko.ISRind . . . isRito
is exact

.

Cor HilblsRe;q,-g)=L
• Proof uses an

algebraic Hodge
Coe 1--0,2=-2 specialization holds decomposition and

Laplacian



E-xtiif-ent.tn
-Have XIHCSRÉ

,

d;); g)= HilblsRe;q , g-¥) - I
graded Eula characteristic

• IF e.it are distinct ltypicaD, WHERE,d;);g) determine HilblsRe;qz)

Q Is there a complex homotopic to BRE,di)
with XIHKRI

,
d;) ;g) consistent with

g-Stirling formula?



Ioe
• Have positive-definite Form on ]

<f.g
> = Cdgf)107

Def The Sn-harmonics are

there,-,en
>
1-
= { f-c-④En] : hiF-0}

• HisRn as graded G-modules



t-mniif-nt.im
• Generalizes to Sn-harmonic differential forms

sHnñsRn as bigoted f-modules
Thm Wallach-5.)

SHIP-_ ④ {D; . .- die On : Hiii- - sina.nl}

Conj Wallach-5.)
sHn=QG×

,>
2,] {d.On: Ian-1]}

• Call g-F- 2gF the flip action



tsuintfmua
• Combining numerous results and conjectures suggests

Grfroblsprn;qz)=Ezn-144g!É%-114%-14
Kml

"44
, mnlµwQiÉ;Dµtn

dual Hall-
where GrFroblRµ;q)=qHÑQµkiq") Littlewood

symmetric function
where Rpi-QK.it/I,u(--H*lXI1)

springer Fiber

where Iris atanisaki ideal



Apotntialfittin
Q Is there a total order IiIii - . on 2'"" and or bijection

weak compositions
In:{Itn-1 ]}→ {✗ kn}

whose the composition factor
€mSHIj¥mSHIj

is annihilated precisely by I¥11m, ?



A-potnti-i.at
- IF so

, expect
1*1 ¥g§

# qkl-sumlt-I-fzn-kaqd.la-HEY
+coined

✗f-n

Thm b.) Have an explicit bijection In proving HI .

• This approach would give an explicit 4-hough complicated)
basis using the Garsia

- Psocesi monomial basis Is Rµ



T-anisakiw.tt
•The Tanisaki ideals In are generated by certain
e;D for S' { ×,-in}

. Call the Q-linear relations between Ze;¥m)d±0n
Tanisaki witness relations

Ex Jeez, d,05-0

KIDD,↳=3,e)dzg,
⇒ ¥7" annihilates SHESH;

(5/1-{13+51192})/SHE}



Gentili
Thm (5) Let I={ if " - < ik} dnt] . Then

I (d)Genie.ae/n.jjdji--juhn=0
where the sum is over all subsets F- {ji

.- gie}4n-D where

lsiijiizsjzt-sii-ji.cn
and

D=Cj ,- in -1 . - - + (join .



ÉPÉE
Cor {n- I} < {n-23C . . - < {I} gives a filtration of SHI by
SH
{;}
's where the composition Factors are annihilated

precisely by the Tanisaki ideals In,my . Furthermore,
Grfroblslti; g) = [n-Dqwoiqin.gl#g)

•These relations are "almost all
"

in a certain asymptotic sense
1k Fixed
, n
→a)



Extremis
Thm (f) Suppose I={ if"< ik3dn-bissuchthatforsomek.sk,

in ik-s-usn-k-E.LI)=✗kn with
in,+z=n-541 s

ih-s-n.sn-s-12
Ha)=n-k

; 2=(5,16-5) mk µ Ks

Pick 03ns . Then
'ien-1 .

G-Ddos/ju.sn/.--,jk)/dI)2en.s+dcn-s+u)dg-8n--0snmmeLoverJ--Ej.s..-cja}4n-☐ For which

ji-iy-gjh-i-iu.es and
d=sum(J)-snmlI)ZO .



Extremis

Q what are all the Tanisaki witness relations?

Is there a geometric/algebraic/topological interpretation
For them and their coefficients?



THANKS!


