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p.gr#win-HimitijwitetDefJLetUla,b3denote a uniform continuous
✗*= 1¥random variable supported on Gib .

For standardized
the Mth Irwin-Hall distribution is ,

IHµ=É
M ii.d. r.v.is

By at, 1M¥ ⇒No,D, i.e. V-tc.IR#gPEtHnEst3--PCNBDst3



B-achgroundi.IT
Rent our motivation in 4314203 was to study the distribution of the

major index on
standard Young tableaux , generalizing earlier work

on the major index ofpermutations and words
.

T=¥¥1lI|,-
Des#12,479,103

ESH(G33) hasdesltt-IDesltt.su
an integer majl 2+4+719+10=320
partition



B-achgroundi.I-H.mil
Ded Each integer partition t has a random variable Xxlmaj]

E) Distributions of Xxlmaj] :



B-achground.T-rwin-H.it
Hotel -Xisopglmaj]

" looks like
"

IHi-lko.li-HAD

•

498,345,5.sn#Gaj]
" looks like

"

NBD !

Deft Given a partition 1=14,4,>he)tn, let Renton FindStat
as 51-001214;afta-n-maxlk.li .
on OEISas

☒ 1=6,3;D ⇒ aFHD=4
#

A338
¥;¥*et.



B-achgroundi.IT
Thmt 1Bilby-Konralinha-5. [1311520, Thm . 173 )

suppose HI
"

, .. .
is a sequence

ofpartitions. Then XµImajYXµmaj¥.

converges in distribution
if and only if

• aftA"")→ ; or
• N"'t→ and aftAND→Max; or

• I the distribution of✗µ, [maj]
* is eventually constant.

The limit law is N in case lil, IH,¥ in case lid, and discrete in case liii) .



B-achgroundi.I-H.mil
Idoat The metric space ofStt distributions under Gay) the Lévy metric :

y

°

.

✓

Mort=/Wmap#}:&: .

:& ! . .
.

IHY.IHE-IHE.MN/M#t--1IHii }i ⇒ MIµ=M±µU{No,D}
Wmap

*
is

GdMI+=MsmUÑthe set of limitpoints



t-t.ms
RemtkoofinIBKS20.thm.IM relies on Stanley's
g-
hook length Formula :

going.lt?gdtC-q!Jratioisheytocnmulanl-formula !TESYTAA Handy
let thonmethodofmomonts

☒ what other combinatorial statistics arise as quotients of

g-integers ? / Cydotomic generating functions ) ReÑ¥=/ -19-1 .- -1g
"'



É
Thmt The rank on semistandard tableaux of shaped and entries 5m is

{ yank =qrltpcmi-c-q-qdxpcti-tj-j-iq-ittssttsn.INnet thug kicjsm G-i]q •

-

Stanley's g-hook-content formula g-Weyl dimension Ermnk HypeA)

Thd the size on plane partitions in an axbxc box
is

gqsizdP.IT#iTli+j+h-Bl- ) MacMahon
is , ja 6=1 Citjth-23gpepPlaxbxc)



É
Deft Let P be a forest viewed as a poset with roots as

maximal elements
.

Fix an order-preserving bijection w :P
→In]

.

Let LAN = { linear extensions of P, viewed as permutations of G) riaw}.
The inversion number of nesn is inv# = # Vij) : kicjsn, Ali)>ñlj)}

.

Ed 4

/ ↳ LIP
,
D= {1234, 1324,3124} ⇒ inns ={0/1,2}(Rw) = 2

I



É

Thd / Stanley, Bjiirner-Wachs)

f qinvlñ = [n]q!_
At LIP;D u¥[hDq .

What does the metric space of
East distributions

MForest = {Xp*[maj]}

look like?



D-USTPANDist.tn

Deft the rank of P is the length ofa maximal chain

Thmt ("Generic
"

case) Given a sequence of Forests P,
Xpfind

*⇒ NO
,
D

if

IPlex and Iimsup "Y¥d .

ideal
.

: .¥÷÷•"÷¥¥



Let n-4101 and Frankl?.*¥÷÷÷÷¥÷÷÷÷.⑧ Consider the set of rooted
,
unlabeled forests with n vertices,

therankd.Houdoesrcomparetonasn.no?
Rent Boutin- Flajolet proved Elston for binary trees.

Typically EliteDrn For ordered/labeled variations.

Keitainly limsup En < 1 is "

typical
" !)



Étui
Rent the "

degenerate
"

case nm hides a world of behavior !!

-

Deft let de {Hit, . . .) : tis 0, Et :<4 and

ii. { Hit, -) : tete .-30 Eti't
list

be sequence spaces .

Let ttÑ
.
The corresponding generalized uniform sum random variable is

§ HE ¥] )
converges if

5+ = 11th ties



Istituto

Deft A DUSTPAN Distribution isadiskibution associated toaunifoim

sumfortplusanormal distribution

5++7010,07 where teh,oeRzo .



Istituto

Deft the metric space of standardized DUSTPAN distributions is

M
Dust
= { 5++1%4 :

"-1¥ -1oz If
variance

the standardized DUSTPAN parameter space is
metric space

under

Bust = {1-Eli : 111-11%12} . / pointwise convergence



Istituto

Thd the map
§ :PDust→ MDust

where

0111-1=5+-1NO,E) where o=Ñhz

is a homeomorphism .

GIMDustisdosedunderconvergenceindista.ba/-ion&



Istituto
DUSTPAN distributions are natural in the following sense :

⑥ the standardized DUSTPAN distributions Mousy are the
smallest family which:
i. Consists of variance 1 real-valued distributions
ii. Contains No

,
17.*

iii. Is closed under standardized independent sums
iv. Is closed under

convergence
in distribution



D-USTPANlim.it

Deft A rootedtree is standardized if its root has at least two children .

Deft The elevation multiset of P relative to a fixed maximal chain

lists the heights at which subtrees are attached to
the chain :

9 maximal
↳

chain⇒! I ← {1,3%3}=133319%1 RemJNñmdi?⃝;,
,

i
3 3

,
e^= E- e



D-USTPANlim.it

Thmt 43520, Thm . 1.133 Let P be an infinite sequence
of standardized trees

with n-edn"4 . Then X¥[inv] converges in distribution if and only if
the elevation multisets 8 associated to P converge pointwise

to some

teh
.

In that case
,
the limit distribution is 5+-1No,E) where 11T¥ to=L .



D-USTPANlim.it

Ident
Xp(inv]

*

!¥¥j:!¥¥j÷¥_÷") Maust is a lap collection of

limit points!

Cod For any Fixed e
>0
,
let {TREE be the set of standardized trees fr

which n-rent? Let Metree = {Xp" PeeTREE}CMForest. Then

ÑREE=MeTREE UMDU
all limit points !



Furthlitins
Rent Have related results For.. .
• rank on SSYTsn.CH : complicated subsetof MDustpan
• size on PPa.be : only MIH

QJ • What about between n-ewln""2) and n
-edn"2) regimes for M Forest ?

• what about Me, , ?
?

• More applications of DUSTPANis?
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