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• Coinvariant algebras /harmonics
• Super coinvariant algebras/super harmonics

- A potential Filtration

• Tanisaki witness relations
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Coining
singular cohomology
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•The Form <Fg>= DogF)A) is symmetric, positive
-definite
,
and Sn-invariant

Def The f- harmonic polynomials are
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Lent His Rn is a graded Sn-module isomorphism



t-mniynm.is
Ex let On ftp.nl/j-xi)--theVandermonde determinant.
This is an alternant : o -0ns sgnlo) On .

IF go.IQCar, ✗n¥, then 2gon is a lower
-degree alternant, so 0 !

⇒ Je;D 0 Yi? I ⇒ Oneth

thm 1Steinberg) the QQ,,-, 2.ison
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• Sn acts diagonally : ok ;) on, 010;) --Odi)



Superfine
Def The super coinvariant algebra of Sn is

512ns ☒In , In ]kQ[±n
,2¥ >

Gnj (Zabrodei) Hilborn;q, 7)=É[n-k}! Stiqlmn-b) zt
too
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g-counts ordered setpartitions of

Thm (Wallach-5.) Hills/Spn; q,-g)=p
↳ with n-k blocks

Aside type B version : stirfln.la
ongoing

: Sagan-Sukgarber-5.



HipmidiFFtiFm
• Think of 8 variables as differential Forms OFdxi , 0;0j=dxirdxj

• The exterior derivative is
D= ;§Z;dx; C- End/④En,d±n])

Thm (Solomon) <QIEn
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tmonipynmiadiffntifoms
The form <Fg>= constant term of Igf

is symmetric, positive-definite, and G-invariant

Def The f-super harmonics are n

5th= <④En
,
En]?">
t

¥4k;ei%jf
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Lend SHn~→SRn is a bigraded f-module isomorphism



HipmidiFFtiFm

Claim SH
n
is combinatorially rich !



Generalizes
•The generalized exterior derivatives are the operators

di-j.fi?jidxj (did)

Thin 1Wallach-5.) The alternant harmonic polynomial
differential Ems are

SHIP= {fc.SH.io .F.sgnlolf ltoesn}
= {diidinhn : kik . -iii. n}

DION



Differentiated
conj 1Wallach-5.)

SHE QQ
,-,
an] SHIP

Thm • True for 0-degree 0,1, n- b n

• Supports of Hilbt;qF) agree, for all B-degrees .
Proofuses Artin and Grjbnec bases



F-lipat.ms
• The flip action of ④Sen] on ④En,En] is F-g-

-Fg .

• Let sths-QW.deOn=QQ
, ,
-, kidsOn

• Conjecturally, SHn is the ④En]-module generated by Edison :I€2
""}

Q What are the QED- linear relations between the dish ?



F-lipat.ms
Ex Je;d±8n=0 since dish is harmonic

Ex the additionalQ- linear relations for n-3,0-degree I are

generated by
2.,×ik05O

'

and 5-images
Fixed,83=2*1%1283

Hence the Filtration 0511%551+{13+51172}=5Hi
has composition factors isomorphic to QQ.xzs.TK 9039 >

✗Hgh✗3,4×3



Tanisakiid
•Tanisakigarea presentation oFH%Iµ)±kµ=QEnyIµ

a springer Fiber
where

T~pi-sn.ca/n-1,.--,enln-Yed.lnIt...,ed*.,ln-+DisaTanisakiideal
Ex
is 0,543,4 11531,1;D 'where d-gland d-is 1,597,7

⇒ Keith,>enlist,d-i-di.it/pei-D
µ=esln-D.es/n--D,ExdimSttj--2dimRq

,
knife>KI>

n= / I



t-Pain
weak compositions

• Have 2" ' generators dish rs . # {✗kn} -2"
"

• Combining conjectures and results of Zabrocki, Wallach-5,
and Haglund-Rhoades-Shimozono suggests . . .



t-Pain
Q Is there a total order III. - . on 2'"" and or bijection

weak compositions

In:{Itn-13}→ {✗ kn}

whose the composition factor
call a relation

jfmsHT-jf.fm/tIjkG-ldIm0n--jfnK-jdIjOnforFjtlQfx
,-, xn
] a

is annihilated precisely by 1¥#
m
)
? Tanisaki witness relation



t-Pain
' True for ns8 by computer
Ex At nil

,
12=2
,
have

0=57%0,1%8>-4dg/g) dzb 87+32%151%8>-22%15%87+2,151468>
+ 32,1$ dzs852dgE)dissDitto,E) dys 87
+ Jes1514487



t-Pain
' True for ns8 by computer
• This approach would give an explicit 4-hough complicated)
basis using the Garsia

- Psocesi monomial basis 8rRµ

- When all conjectures hold, get §, Ii
-Dmi #{ij}

1*1 ¥g§I1qk)
-sum#I

= { gkAq2blµkD-1111/-1coined
✗kn



A-newbi.tn
Thin b.) There is an explicit In:{I4n-D}→{✗kn} where

n-11×1--111

21,1*-1%1)+coinvlA=(E) -sunlit

Cork) is true . ¥

µ
11,331%1=11

{2,4%9}<[11-1]



Gentili
Thm (5) Let I={ if " - < ik} dnt] . Then

I (d)Genie.ae/n.jjdji--juhn=0
where the sum is over all subsets F- {ji

.- gie}4n-D where

lsiijiizsjzt-sii-ji.cn
and

D=Cj ,- in -1 . - - + (join .



ÉPÉE
Cor {n- I} < {n-23C . . - < {I} gives a filtration of SHI by
SH
{;}
's where the composition Factors are annihilated

precisely by the Tanisaki ideals In,my . Furthermore,
Grfroblslti; g) = [n-Dqwoiqin.gl#g)

•These relations are "almost all
"

in a certain asymptotic sense
1k Fixed
, n
→a)



M-onomim.de
• Proofuses marked staircase diagrams for terms in Bawd,On:

•

They have various relations :



Extremis
Thm (f) Suppose I={ if"< ik3dn-bissuchthatforsomek.sk,

in ik-s-usn-k-E.LI)=✗kn with
in,+z=n-541 s

ih-s-n.sn-s-12
Ha)=n-k

; 2=(5,16-5) mk µ Ks

Pick 03ns . Then
'ien-1 .

G-Ddos/ju.sn/.--,jk)/dI)2en.s+dcn-s+u)dg-8n--0snmmeLoverJ--Ej.s..-cja}4n-☐ For which

ji-iy-gjh-i-iu.es and
d=sum(J)-snmlI)ZO .



E-xtemhktions.proof introduces 5s-action on relevant marked staircases

complicated!



tiffins

Q what are all the Tanisaki witness relations?
What is a combinatorial For their coefficients?
Is there a geometric/algebraic/topological interpretation?



THANKS!


