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Descents and major index of standard Young tableaux GTD
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All introduced by MacMahon around 1900 CHADD .
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tBstudymajonSYTHf#
AT lots of connections to algebra, geometry, rep . theory, symmetric functions !
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tYstudymajonSYTH4#
AT lots of connections to algebra, geometry, rep . theory, symmetric functions !

Thd (Lustig-Stanley, Esta79, Prop . 4.113)
multi of St in deg . h component of %n = b

w Sei,ez, -,eh>
Hk .

Specht -module, type A coinvariant(an siirrep) algebra

Lustig called SHAMILg) fake degrees Hype A) since STAYIN'dims" f!

Note see e.g. Green (
Gress, Lem. 7.43, Stembridge Este89, Thm .3.33

,
Manire) (Man01,503.63

,

Kca'skiewicz-Weyman (KW013, Stanley CEC2, Prop.7. 19.113 For more.
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Motts
Let a×, is #ITc.SYTCH : majHtc (mod n)) whose H-n . That is,

Mrs ! .

QJ (Sundaram Gunt8, Rem .4.83 so; Klyachho AdyMI est; s . general r)
when is an,so?

Thmj IS. Oval8, thm . 1.47) a,..>0 when 1 is not
12,2)

,
142,27, 13,37, In)

, 117, In- l, D, 12, In
") .

THI IS. Awal8, Thin. 1.83) IF ftzns, then for all 03in,

I "¥ -tint.
.



Outriggers
QD (Existence) For which He is bueso?

QD (Distribution) what does Cba
,o, by ,, biz, . . .)

"look like
" ?

QD (Unimodality) for which X is there some m Gr which
bars by, s - - - s bx.ms ban." s - - - ?



Existence : internal zeros classification
-

Third (Billey-Konralinka-S. lBKS20b, Thm . 1.D)
IF H-n and bad she (2)- lolxD
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'
is the conjugate partition of X .



Existence : internal zeros classification
-

Third (Billey-Konralinha-S. [BKS20b, Thin . 1.D)
If H-n and bad she (2)-bail

,
then

ban> 0

except whenX is a rectangle with at least two rows and columns and
helloNtl

,
(7)-bail-B. Furthermore, by,neo for KbH) or k

-K)-BAD,
where BA) §

,

Ci-DX; and t
'
is the conjugate partition of X .

EI SM4,4751ps ft g't g't 2g't g't 2g
"

-1g
"

-12g
"
t

g
"
t

g
"
t g
"

⇒ 10,0, 0,0, 1,0, 1,131,342,1, 1,910,99 . . -)
9 U w

bHills4
- %) -lolz,334=16internal zeros



Existence : internal zeros proof
-

strategy construct a map of : SMH)- Elli→ SMH) st.

majHAD
'maj ITH

where EA) is a very small, explicit set of exceptional tableaux .
Now iterate ol !

Inro!yes two types ,ofoperations
:

• rotation rules
"

ll
• block rules



existence : rotation rules#

Deft A rotation rule increments a single descent, leaving the others alone.See [1314520b, 8413 .

÷
. ."
'
n ::":÷:÷:÷÷÷÷

..
...

Rent combinatorial characterization of rotation rules: (BKS20b, Lem.4.5-4.6]



Existence's
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-xistence : block rules#
Problems Rotation rules fix desCTI :s#DesCT)- incomplete!
Deft The block rules 131435 apply certain permutations, increasing maj adn des by 1

.

See (BKS20b, Def.4.133 for details .



'

-xistence : block rules#
Problems Rotation rules fix desCTI :s#DesCT)- incomplete!
Deft The block rules 131-135 apply certain permutations, increasing maj adn des by 1

.

See (BKS20b, Def.4.133 for details .

Note
• Rotation rules increase (maj-des,

des) by 11,07,
• Block rules " " by lo,D.

We explicitly construct 4 From rotation and block
rules by cases. Technical !



https://sites.math.washington.edu/~billey/papers/syt.posets

existence : consequences#
Deft The strong STT poset PA on the set

• SMH if there are no internal zeros and
I )

• SMH- lninnyAl, maxmajA)3 otherwise
is the transitive closure of covering relations given by all applicablerotation rules

,
block rules

,
and inverse-transpose block rules.

Ed Hasse diagrams:

Cod PLH is ranked by maj (and lmaj-des, des)) .
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'

-xistence : consequences#
Deft The strong STT poset PLH on the set

• SMH if there are no internal zeros and
I )

• SMH- lninnyAl, maxmajA)3 otherwise
is the transitive closure of covering relations given by all applicablerotation rules

,
block rules

,
and inverse-transpose block rules.

Ed Hasse diagrams:

CoD Phd is ranked by maj (and lmaj-des, des)) .

Rent Cydage ranks
8Th) by mg; but it does not at

all restrict to 5ftHI .



existence : consequences#
Cod . SYTCHmailg) has almost no internal zeros .

• SYTCHMop has no internal zeros (answering CAER18, Problem ?53 for htn).
• SYT maid"(g) has no internal zeros.



existence : consequences#
Cod . SYTA)mailg) has almost no internal zeros .

• SYTCH"(op has no internal zeros (answering CAER18, Problem ?SJ for htt.
• S maid"(g) has no internal zeros.
• Classification of internal zeros of Fake degrees of
AI Shephard-Todd complex reflection groups Elm, d,n)
(see (BKS20b

,
Thin . 6.3 and 8.33) !

-Includes types B and D. (see C1311520b, Cor. 6.4 and 8.43) .
•New proof of ax,so classification .



Distibutionimotiratingexampfpi.de
some 4

, compute SITHg) = Ebaugh, plot list lbx,o, low, b," . . .) :



Diskibutionimotiratingexampfpi.de
some 4

, compute 8THg) = Ebaugh, plot list tho, low, b," . . .) :

•iM Mt Btw

Rent clearly a central limit theorem is occurring ! But, some subtlety :
"

generically
"

normal
,
sometimes not in "degenerate

"

cases ?



Distributional
Deft Given a partition Kha, . . a) ten, let
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#
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Distributional
Deft Given a partition *Hi, . . a) ten, let

aftAd:s n-mad late .

Ed ¥15,3,D ⇒ aftAlsY

#
teto

ED aftads I he Cnt
, D or 12, I
'')- two degenerate Families fr ax, . !

Rent On Findstat as St001214 .
Reminiscent of representation stability of church- Facts [CFB, Thin . 7.13.



Distributional
Notations
write XK:s XIII for the standardization of X with mean O, variance 1

.

Deft A sequence of random variables Xi,Xz, . . . is asymptotically normal if
V.tell
, noting BalikH =P 93 f-¥!!"%).

standard normal



Distributional
Notations
write XK:s XIII for the standardization of X with mean O, variance 1

.

Deft A sequence of random variables Xi,Xz, . . . is asymptotically normal if
V.teR
, nsling BalikH =P 93 f-÷!!"%).

standard normal

Notation let X
,Cmaj] be the random variable for the maj statistic on

SIMD
,

where each tableau is equally likely.
Rod maj is sum of descents, but they're not independent!



Distributional
Third (Billey-Konralinka-S. [BKS20a, Thin . 1.33 )

suppose I", I", .. . is a sequence
ofpartitions. ThenXxcnlmaj? Xxcnlmaj}. . .

is asymptotically normal if and only if
aft(IMso as N→x.



Distributional
Thmj (Billey-Konraliuka-S. LBK520a, Thin . 1.33 )

suppose I", X", .. . is a sequence
ofpartitions. ThenXxmlmaj? Xxcnlmaj}. . .

is asymptotically normal if and only if
aft(IMso as N→x.

QJ What if aftACN) x o? Non-normal limits?



Distributional
Thmj (Billey-Konralinka-S. lBKS20a, Thm . 1.D)

Suppose K", X", .. . is a sequence
ofpartitions. ThenXxmlmaj3¥.,Emaj¥ .

converges in distribution if and only if
•II aftH''Mso; or

:÷""tMor

the distribution of Xxancmaj]
*
is eventually constant.

The limit law is N in case lil, Tt in case Iii), and discrete in case Ciii) .
-

Irwin-Hall distribution: sum of M ii.d . continuous uniform QB ar's



Distributional
Thmj (Bilby-Konralinka-S. LBK520a, Thin . 1.D)

Suppose I", X", .. . is a sequence
ofpartitions. ThenXxmlmaj *, Emap

converges in distribution if and only if
⇒ a.aim.. .. .. C:*:c:*:¥÷÷÷÷÷÷i÷÷i÷ I
a.li?gilYM#andaFtMMoi or a.cnajs
the distribution of Xxancmaj]

*
is eventually constant.

The limit law is N in case lit, Tt in case Iii), and discrete in case Ciii) .
-

Irwin-Hall distribution: sum of M ii.d . continuous uniform QB ar's



Distribution's
Thin (Method ofmoments) If

Ling then -- mix tdeEs,
then Xi,Xz, .. . converges in

distribution to X
.



Distributions
Thmj (Method ofmoments) If

Ling Mik -- Max VdeEs,

then Xi,X, .. . converges in
distribution to X

.

DoD The currentants of X
,snap are like moments but have better formal

properties; see [BK520a, 82.23 .

(formal power series: %
,

Kat t.dz :slog setmoiGt)
.]

Red kite and Keo? Have K¥0 Vds.3 if andonly if X is normal.
Can replace moments with cumutants!



Diskibutiai.pe#eviwThmJKBKS20aDKa=Bdgfj!&jd-&kd) where he is the hook length,
Ed I;#

Bd is a Bernoulli number
.



Diskibutiai.pe#eviwThmJKBKS20aDKa=Bdglj!&jd-&.hi) where he is the hook length,
Ed

Bd is a Bernoulli number
.

Reid follows From Stanley's g-hook length Formula CECZ, Cor.7.21.53
SYTCHmjlqsqbMEDI

II.chdq
and a general Formula for annulants of t.IM?pTq first stated explicitly by
Hwang- tachNovas CHI IS, 84.13; see CBKS20g Rem . 2.103 For more history.
See 4314520a, Thon.2.93 for general statement, including moments.



Distribution
CoD . New proof of asymptotic normality For G)g! due to Feller Cfd453 .

• New proof of asymptotic normality of (2)q due to Mann-Whitney CMW473.
• Now proof ofasymptotic normality of g q

due to Chen-Vang-Wang KWON.
• New proof of asymptotic normality for (2)g due to Diaconis [Dia88, p.1284293,

•Common framework for all of these!
Canfield-Janson- Feilberges ETHD.



llnimodalitj.ba#nL
• Unimodality For coefficients of SYTCHmailg) goes back implicitly all the
way to Sylvester's 1878 proof For (1)q fly1783 !

• True for (2)
q by Hard Lefschetz Theorem from algebraic geometry

on Flag manifolds .

• Fails for general n ! (e.gs when his lab) For a,b32)



llnimodalitj.co#ueslonjlJKBkS20a, Conj . 8.D) The coefficients of SYNTHop are unimodal if X
has at least 4 corners . There is an explicit list of exceptions for53 corners.-

cells with hi. I



llnimodalityconjslonjlJKBKS20qconj.se.D) The coefficients of STTA)mailg) are unimodal if X
has at least 4 corners . There is an explicit list of exceptions For53 corners.-

cells with hi. I

conj (LBK520a, Conj . 8.53) Uniformly for all Itn and k,
HPCXxlmajdsh] -Nh; tho

") l s Otoast)
.

-

normal density
Rent This would give a local limit theorem for by,; contrastwith a...

Notoriously technical ! Since F's> n, would
"

mostly
"

imply unimodality.



lkimodalityconj_
Deft A sequence lb

, ,bz, ..., but is parity-unimodal if Ibi, b,bs, n ..) and Cba,by,bg...)
are each unimodal

.

Thad ( study Chul8, thin .
IBD The coefficients of Sttlnmlmajbp are parity-unimodal.



llnimodalitj.co#uesDeFJA sequence lb
, .bz, ..., but is parity-unimodal if lbi, b,bs, n ..) and Cba,by,bg...)

are each unimodal
.

Thad ( study Cstul8, thin .
lBD The coefficients of Sttlnmlmajbp are parity-unimodal.

Conj HBK520b, conj. 9.D) The coefficients of STITHmailg) are parity-unimodal
for all t .

Red True for ns50. Would imply internal zeros classification .
Stucky's argument constructed an Sh-action on rational Chesednik algebras.
The Nz-action approach goes back to Sylvester Oyl8D !
See CHai 94

,
8313 for a prototype in a related context.
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Fusthecdisections
QI Distribution of maj on HIM in general show case?
Rend See g-Naruse Formula

of Morales-Pak-Panova [MPP18, 13.4)] .
Our argument works for the

"formal camelants" ofthe " leading term."
see [BKS20A, Cory: 8.63 .

QI Distribution of coefficients of GH, g, q; . . .)? (" Right-shared
"?)

QB When is lbx
,
o
,
bin
,
. ..) log-concave ? (" Usually

" ?)

Geometric explanation a la Had Lefschetz? (Does not naively restrict!)


