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The Delta conjecture and Zabrocki’s conjecture

I Q[xn, yn,θn] = polynomial ring with commuting
indeterminates x1, . . . , xn, y1, . . . , yn, and anti-commuting
indeterminates θ1, . . . , θn, so θiθj = −θjθi .

I Sn = the symmetric group of order n, acting via simultaneous
permutation: σ(xi ) := xσ(i), σ(yi ) := yσ(i), σ(θi ) := θσ(i).

I Q[xn, yn,θn]Sn
+ = the coinvariant ideal , generated by

homogeneous, non-constant Sn-invariants

I Q[xn, yn,θn]/Q[xn, yn,θn]Sn
+ = the super diagonal coinvariant

algebra, a tri-graded Sn-module.

The θ-degree 0 component is the classic Garsia–Haiman diagonal
coinvariant algebra with intimate connections to Macdonald theory.
Everything will be hard in full generality!
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The Delta conjecture and Zabrocki’s conjecture

Question
What is the tri-graded Sn-isomorphism type of the super diagonal
coinvariant algebra?

Conjecture (Zabrocki ’19)

We have

GrFrob(Q[xn, yn,θn]/Q[xn, yn,θn]Sn
+ ; q, t, z) =

n∑
i=1

zn−k∆′ek−1
en

where ∆′f is a certain modified Macdonald eigenoperator .
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The Delta conjecture and Zabrocki’s conjecture

GrFrob(Q[xn, yn,θn]/Q[xn, yn,θn]Sn
+ ; q, t, z)

?
=

n∑
i=1

zn−k∆′ek−1
en

I The z = 0 case recovers the famous “master formula”
conjecture of Garsia–Haiman, which was later proved by
Haiman after solving the n! conjecture and Macdonald
positivity conjecture.

I The right-hand side is half (one-third) of the Delta conjecture
of Haglund–Remmel–Wilson, which gives two explicit
monomial expansions for this expression as a generating
function for labeled Dyck paths.

I Full version is likely to be very hard, so restrict to t = 0 for
the rest of the talk. See work of Pawlowski, Rhoades, Wilson,
. . . for this case.
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Alternants

I Marino Romero noted that, for the sgn representation at
t = 0, Zabrocki’s conjecture reduces to

Hilb((Q[xn,θn]/Q[xn,θn]Sn
+ )sgn; q, z)

?
=

n−1∏
i=1

(z + qi ).

Why?

I First hint: ∆ :=
∏

1≤i<j≤n(xi − xj) is non-zero in

(Q[xn,θn]/Q[xn,θn]Sn
+ )sgn.

I
∏n−1

i=1 (z + qi ) = q(n2) + q(n2)−1z + · · · where · · · has lower
total degree (q-degree plus z-degree)

I ∆ contributes q(n2). What about q(n2)−1z?

I Candidate for q(n2)−1z : d∆ where d is the exterior derivative

df :=
n∑

i=1

∂f

∂xi
θi .
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Main results
The rest of the talk is devoted to explaining the following.

Let G ≤ GL(V ) be a pseudo-reflection group over a subfield of C
and let M be an r -dimensional G -module.

Theorem
Suppose JM∗

.
= ∆M∗ and MG = 0. Then the 2r elements

{d∗i1 · · · d
∗
ik

∆M∗ | {i1, . . . , ik} ⊂ [r ]}

form a basis of H(S(V ∗)⊗ ∧M∗)detM∗ , and their images form a
basis of (S(V ∗)⊗ ∧M∗/J ∗M)detM∗ .

Corollary

In this situation,

Hilb((S(V ∗)⊗ ∧M∗/J ∗M)detM∗ ; q, z) =
r∏

i=1

(z + qe
M∗
i ).
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Main results

I The t = 0, sgn component of Zabrocki’s conjecture follows
when G consists of n × n permutation matrices and M is the
standard representation.

I As an intermediate step, we also get:
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.
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an
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Invariant theory of pseudo-reflection groups

Classical theory:

I F = a field of characteristic 0

I V = a vector space over F of dimension n

I g ∈ GL(V ) is a pseudo-reflection if dim(ker(g − I )) = n − 1

I G ≤ GL(V ) is a pseudo-reflection group, namely a finite
subgroup generated by pseudo-reflections

I S(V ∗) := Sym(V ∗) = the ring of polynomial functions on V ,
a graded G -module under the contragredient action

I I∗+ = the classical coinvariant ideal of G , generated by
homogeneous, non-constant G -invariants in S(V ∗), namely
I∗+ = 〈f1, . . . , fn〉

I S(V ∗)/I∗+ = the classical coinvariant algebra of G
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Invariant theory of pseudo-reflection groups

Differential analogues:

I M = an r -dimensional G -module

I ∧M∗ = the exterior algebra of the dual M∗ of M

I S(V ∗)⊗ ∧M∗ is a bigraded G -module

I J ∗M = the super coinvariant ideal of G relative to M,
generated by homogeneous, non-constant G -invariants in
S(V ∗)⊗ ∧M∗

I S(V ∗)⊗ ∧M∗/J ∗M = the super coinvariant algebra of G with
respect to M

Theorem (Solomon)

J ∗V = 〈f1, . . . , fn, df1, . . . , dfn〉
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Invariant theory of pseudo-reflection groups
Exponents:

I Chevalley and Shephard–Todd showed S(V ∗)G = F [f1, . . . , fn]
for algebraically independent f1, . . . , fn called basic invariants

I The degrees of G are di := deg fi
I Chevalley showed S(V ∗)/I∗+ ⊗ S(V ∗)G ∼= S(V ) and

S(V ∗)/I∗+ ∼= F [G ]
I It follows that

(S(V ∗)⊗M∗)G = S(V ∗)GωM
1 ⊕ · · · ⊕ S(V ∗)GωM

r

for basic derivations ωM
i for M over S(V ∗)

I The M-exponents are eMi := degωM
i . If M is absolutely

irreducible, these are the degrees in which M appears in
S(V ∗)/I∗+.

I The exponents of G are ei := eVi . The coexponents of G are
e∗i := eV

∗
i .

Example

We have ωV
i = dfi for i = 1, . . . , n. Hence ei = di − 1.
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Jacobians and discriminants

I The Jacobian JM of M is defined by ωM
1 ∧ · · · ∧ ωM

r
.

= JMη
where 0 6= η ∈ ∧rM∗ and

.
= means equality up to a non-zero

constant

I The discriminant ∆M of M is defined by
S(V ∗)detM = S(V ∗)G∆M where detM := ∧rM

I In the case of Zabrocki’s conjecture, the discriminant is the
classical Vandermonde ∆

I We have ∆M = JdetM
I The Gutkin–Opdam lemma gives a formula for deg JM . It has

the following consequence:

Corollary

If the pseudo-reflections of G act on M as pseudo-reflections or
trivially, then ∆M

.
= JM . In particular, ∆V

.
= JV and ∆V ∗

.
= JV ∗ .
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Main result recap

Theorem
Suppose JM∗

.
= ∆M∗ and MG = 0. Then the 2r elements

{d∗i1 · · · d
∗
ik

∆M∗ | {i1, . . . , ik} ⊂ [r ]}

form a basis of H(S(V ∗)⊗ ∧M∗)detM∗ , and their images form a
basis of (S(V ∗)⊗ ∧M∗/J ∗M)detM∗ .

Just d∗i and H(S(V ∗)⊗ ∧M∗) left!
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Perfect pairings and an action

Lemma
There is a canonical G-invariant perfect pairing

〈−,−〉 : S(V )⊗ ∧M × S(V ∗)⊗ ∧M∗ → F

which extends the perfect pairing V × V ∗ → F given by
(v , λ) 7→ λ(v).

(Idea: one extends to symmetric powers using the permanent of
the Gram matrix , and to exterior powers using the determinant of
the Gram matrix . Fails outside of characteristic 0.)
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Perfect pairings and an action

Corollary

There is a canonical G-equivariant action of S(V )⊗ ∧M on
S(V ∗)⊗ ∧M∗, where ω̃ ∈ S(V )⊗ ∧M acts by the adjoint of
multiplication by ω̃:

〈ω̃ ∧ η̃, η〉 = 〈η̃, ω̃ · η〉.

These actions are very old: when G consists of permutation
matrices and we identify the standard basis of Qn and its dual,
S(V ) acts on S(V ∗) as partial differentiation operators. Similarly
M acts on ∧M∗ by interior products.
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Harmonics

The space of G-harmonic elements of S(V ∗)⊗ ∧M∗ is the
orthogonal complement of JM with respect to the natural perfect
pairing 〈−,−〉:

H(S(V ∗)⊗ ∧M∗) := {ω ∈ S(V ∗)⊗∧M∗ : 〈ω̃, ω〉 = 0 for all ω̃ ∈ JM}

I If F ⊂ C, then S(V ∗)⊗ ∧M∗ = H(S(V ∗)⊗ ∧M∗)⊕ J ∗M
I Hence natural projection gives

(S(V ∗)⊗ ∧M∗)/J ∗M ∼= H(S(V ∗)⊗ ∧M∗)

as bigraded G -modules

I So, study the super coinvariants by studying the harmonics!
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Another action

Let v1, . . . , vn ∈ V be a basis with dual basis λ1, . . . , λn. The
exterior derivative is

d=
∑
i

∂vi ⊗mλi ∈ EndF (S(V ∗)⊗ ∧V ∗)

where mλ is the wedge-by-λ operator. This is not obtained from
the S(V )⊗ ∧M action on S(V ∗)⊗ ∧M∗. What operators are
missing?

Corollary

There is a canonical G-equivariant action of S(V )⊗ ∧M∗ on
S(V ∗)⊗ ∧M∗, where ∧M∗ acts on ∧M∗ by wedging and S(V )
acts on S(V ∗) as before.
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The final piece

I Let d∗i be the action of ω̃i
M∗
∈ (S(V )⊗M∗)G on

S(V ∗)⊗ ∧M∗.
I This lowers S(V ∗)-degree by eM

∗
i and raises ∧M∗-degree by 1.

I For Zabrocki’s conjecture, we can use d∗i =
∑n

j=1
∂ i

∂x ij
θj .

I Key insight: apply the d∗i ’s in all possible ways to ∆M∗!

I Must verify result stays in H(S(V ∗)⊗ ∧M∗)detM∗ (it does), is
linearly independent (it is), and spans (it does).
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The final piece

I Let d∗i be the action of ω̃i
M∗
∈ (S(V )⊗M∗)G on

S(V ∗)⊗ ∧M∗.
I This lowers S(V ∗)-degree by eM

∗
i and raises ∧M∗-degree by 1.

I For Zabrocki’s conjecture, we can use d∗i =
∑n

j=1
∂ i

∂x ij
θj .

I Key insight: apply the d∗i ’s in all possible ways to ∆M∗!

I Must verify result stays in H(S(V ∗)⊗ ∧M∗)detM∗ (it does), is
linearly independent (it is), and spans (it does).



Main results, one last time

Theorem
Suppose F ⊂ C, JM∗

.
= ∆M∗ and MG = 0. Then the 2r elements

{d∗i1 · · · d
∗
ik

∆M∗ | {i1, . . . , ik} ⊂ [r ]}

form a basis of H(S(V ∗)⊗ ∧M∗)detM∗ , and their images form a
basis of (S(V ∗)⊗ ∧M∗/J ∗M)detM∗ .

Corollary

In this situation,

Hilb((S(V ∗)⊗ ∧M∗/J ∗M)detM∗ ; q, z) =
r∏

i=1

(z + qe
M∗
i ).



Main results, one last time

Theorem
Suppose F ⊂ C and JM∗

.
= ∆M∗ . Then either of the sets

{f a11 · · · f
an
n d∗i1 · · · d

∗
ik

∆M∗ : {i1, . . . , ik} ⊂ [n], aj ∈ Z≥0}

or

{d∗i1 · · · d
∗
ik
f a11 · · · f

an
n ∆M∗ : {i1, . . . , ik} ⊂ [n], aj ∈ Z≥0}

form bases of (S(V ∗)⊗ ∧M∗)detM∗ .



FIN

THANKS!


